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1 Introduction?!

Cosmology with Gravitational Waves (GWs) is a new and unique doorway to the primordial universe. 2
The further in time we can observe with electromagnetic waves is around neutrino decoupling,
roughly one second after the Big Bang and some time before Big Bang Nucleosynthesis (BBN). Prior
to that, we have scarce evidence of the evolution of the primordial universe. See Ref. [!] for a review
on possible expansion histories of the early universe. Nevertheless, we learned a lot from studies
of the Cosmic Microwave Background' (CMB). For instance, we know that there are Gaussian
primordial fluctuations with an almost scale invariant spectrum [, |, which by causality must have
been generated before the Big Bang. This fact provides strong evidence that there was a period of
accelerated expansion in the primordial universe, so-called inflation [ /=7]. During inflation, quantum
vacuum fluctuations are stretched out to the largest scales and become primordial fluctuations
[+—17], which we later see as CMB anisotropies and galaxies. Thus, through the observation of
primordial fluctuations we have access to inflation. However, the CMB only probes the largest scales
and, therefore, only a small fraction of inflation. Any information on much smaller scales,” and the
last stages of inflation, is basically erased by complicated astrophysical processes. In contrast, GWs
barely interact with intervening matter. This means that with GWs we can explore the universe
before neutrino decoupling and even before the Big Bang towards the last stages of inflation. GWs
provide a unique opportunity to complete our picture of the very early universe. A quantitative
picture of the potential of cosmology with GWs can be found in Fig. 1.

GWs generated by a cosmological process in the early universe will appear today randomly 3
distributed in all directions and with a very large number of unresolved sources. For example,
take one source per Hubble patch and count how many Hubble patches at a given redshift fit the
current universe. The number actually grows as (1 + 2)® and we are talking about GWs generated
at z > 10'9. On top of that, the angular resolution of GW detectors is not enough to pinpoint
cosmic GWs generated in tiny Hubble patches. The superposition of all incoming unresolved GWs
leads to the Stochastic GW Background (SGWB). Encouragingly, the typical frequency of such
cosmic GWs falls right into the frequency range of future GWs detectors. For example, GWs
generated when the universe had a temperature of around 1 GeV and 10'° GeV, respectively have a
typical (peak) frequency roughly around 10~8 Hz and 100 Hz. Pulsar Timing Arrays (PTA) [I 1],
cover around 107 ~ 10~"Hz, LIGO, VIRGO, KAGRA and ET [!1], are sensitive roughly for
10 ~ 103 Hz. In between, we will have LISA [0, 1], DECIGO [~ ], AION/MAGIS [2], Taiji [ 2]
and Taingin [*7]. For an illustration see Fig. 1.

Typical sources of cosmological GWs in the very early universe include (for more details see [2]): 4
phase transitions, which may lead to collisions of bubbles or a universe filled with cosmic strings,
resonances during reheating, quantum (gravity) fluctuations during inflation (so-called primordial
GWs) and GWs induced from large primordial fluctuations. Such large primordial fluctuations may

also collapse to form primordial black holes (PBHs). Out of these cosmological sources, GWs induced

LObservations of the first photons that decoupled from the thermal plasma after neutral hydrogen formed
2To have a quantitative idea, the comoving wavenumber corresponding to the size of Hubble horizon at the time
of neutrino decoupling is roughly & ~ 10* Mpc~!. CMB observations constraint the primordial fluctuations roughly

on scales k ~ 107% — 5 x 10~ 'Mpc~!. Any information on much smaller scales, that is for & > 10* Mpc~!

, is erased
by complicated astrophysical processes. On the largest scales we are limited by cosmic variance. CMB spectral

distortions might probe down to k ~ 10° Mpc ™!,
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Figure 1: On the left we show the power-law integrated sensitivity curves [} in terms of the GW spectral 2
density for some GW detectors. In the lower and upper horizontal axis, we respectively show the GW
frequency and the associated temperature of the universe at the time of GW generation, assuming radiation
domination. On the right, we show the typical quantities associated to the cosmological horizon at a
particular time, given in terms of ten-folds from matter-radiation equality. We also show the ranges covered
by CMB anisotropies and p spectral distortions, BBN constraints and GWs. If PBH form, they can be
probed by induced GWs (iGW), emission of v rays and microlensing.

by primordial fluctuations, and to some extend PBHs, are our direct window to the latest stages of 3
inflation. The information we could gain about inflation by the so-called induced GWs potentially

covers scales around k ~ 107 — 10'® Mpc~!

, otherwise inaccessible by any other probe. Even
the absence of induced GWs will place new constraints on the primordial spectrum in unexplored
regimes, potentially down to Pr ~ 10=% — 107> [20]. On top of these very promising prospects,
induced GWs are generated when primordial fluctuations re-enter the horizon sometime between
the end of inflation and BBN. Since we have no evidence of the content and expansion history of the
universe around that time, induced GWs not only provide access to the last stages of inflation but
they also contain information on the content of the primordial universe. In this review, we will be
open to the possibility that the universe much before BBN was not dominated by radiation. In the
future, information on the primordial spectrum obtained by induced GWs will complement those

from other probes such as spectral distortions [/, ] in the multimessenger cosmology era [”].

1.1 Induced GWs history 4

The possibility of having GWs induced by density fluctuations was first noticed, as far as the author 5
is aware, by K. Tomita in 1967 [ !]. They were later rediscovered in the 90’s by Matarrese, Pantano
and Saez |7, '] when studying second order cosmological perturbations in a dust dominated
universe. Quite interestingly, in 1997 Matarrese, Mollerach and Bruni [!7| noticed that induced
GWs in a dust dominated universe suffer from gauge ambiguities. They proceeded to argue that
only the oscillating part of the induced tensor modes were identified as true gravitational waves.
We will discuss more about the gauge ambiguities in Sec. 7. However, Refs. [ 17— 17| concluded that
induced GWs were too small to be practically observed.

It was not until 20 years later that Ananda, Clarkson and Wands | "] started to uncover the 6

potential of induced GWs. In Ref. ["] they proposed to use induced GWs, generated in a radiation
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dominated universe, to constrain the spectral tilt of primordial fluctuations. A blue tilted primordial 1
spectrum even with the CMB normalization might end up yielding large enough induced GWs. Some
months later, Baumann, Steinhardt, Takahashi and Ichiki [ 7] looked into more detail at the transfer
function of induced GWs taking into account the radiation-matter equality at around z ~ 3400 and
the anisotropic stress due to neutrinos (see also [!()] on the latter). They found that assuming the
CMB normalisation of an almost scale invariant spectrum, modes with k ~ keq ~ 0.01Mpc~! were
enhanced due to the matter dominated stage. Notably, the peak in the induced GW background can
be larger than the primordial one if the tensor to scalar ratio is » < 0.1. However, the frequency of the
peak of such GWs is extremely low, around feq ~ 10~'"Hz. This is only observable perhaps by CMB
B-mode polarization experiments or cosmic shear [!!]. Nevertheless, this was an indication that
an early epoch of dust domination might yield interesting results. In the same period, Martineau
and Brandenberger || derived a lower bound to induced GWs for various inflationary models and
alternatives, although they referred to it as lower bound from “backreaction” of scalar fluctuations.
Another application of GWs induced by primordial fluctuations in the curvaton scenario, sourced
between the end of inflation and the curvaton decay, was studied by Bartolo, Matarrese, Riotto and
Vaihkonnen [!7]. An action formalism for a scalar field acting as a perfect fluid and its induced
GWs was studied by Boubekeur, Creminelli, Norena and Vernizzi || ].

An important realization was done by Saito and Yokoyama in 2008 [, [0]: if the primordial 2
spectrum of fluctuations is large enough on small scales, it does not only induce GWs but might
also collapse to form PBHs. This means that the induced GW spectrum can be used in the future
to place bounds on the PBH abundance. Even more, if PBHs were found, one should also find
the induced GW counterpart. These ideas were further pursued by Bugaev and Klimai [/7—11].
Extending the work of Saito and Yokoyama a bit further, Assadullahi and Wands proposed induced

GWs as probes of the primordial spectrum | 0]. They also considered the early dust dominated
case | ] which confirmed the large enhancement of induced GWs. The same group, now including
Arroja, Assadullahi, Koyama and Wands ||, studied the matching conditions on superhorizon

scales for such GWs induced at second order. Later, in 2012 the induced GWs from particular
models of inflation were studied by Alabidi, Kohri, Sasaki and Sendouda in radiation || and
dust domination [7!]. Around the same time, a curvaton scenario with a blue tilted primordial
spectrum yielding large induced GWs was proposed by Kawasaki, Kitajima and Yokoyama [7].
More investigations on the upper bounds of induced GWs by overproduction of PBHs were done
by Nakama and Suyama [0, 7]. Other works related to induced GWs include the decay of two
curvatons by Suyama and Yokoyama [-], the impact of anisotropic stress due to free streaming
particles by Saga, Ichiki and Sugiyama [ 7] and the B-modes due to induced GWs in the CMB by
Fidler et al. [00].

In 2016 LIGO reported the detection of GWs from the merger of a binary black hole [(!] and the 3
amount of new works on induced GWs and their PBH counterpart exploded. The amount of works
is so large that we will not attempt to go through all of them in chronological order but instead
we will classify them into seven main directions below. We give a more detailed discussion in the

corresponding sections.

— General semi-analytical formulation: Since induced GWs are a second order effect one needs 4
to integrate in time and momenta over the linear evolution of primordial fluctuations. The

analytical transfer functions for radiation domination are derived in Refs. |07, (7] and later
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generalized to constant equation of state parameter in Ref. [11].1
1.2 Structure and scope of the review
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that the scope of this review is basically limited to the author’s works on induced GWs [0, 70, 71,1

oL, 102,150, 101], although we discuss and properly cite the relevant literature. As interesting as
it is, we will not enter in the details of PBH formation nor on the GW data analysis. Nevertheless,
we briefly discuss these relevant topics and give appropriate credit, when needed.

For convenience, we proceed to briefly explain the organization of the review. In this way, the 2
reader interested in certain aspects may jump directly to the relevant section. In sec. 2 we present an
intuitive picture of the induced GW generation. We estimate their typical frequency, the spectral
shape and we briefly comment on their PBH counterpart for different expansion histories in the
primordial universe. The details of the calculations and derivation of analytical approximations are
reviewed in Secs. 3 and 4. The analytical approximations for the induced GW spectrum for typical
primordial curvature spectra are presented in 5. The special case of the dust dominated universe is
discussed in some detail in Sec. 6. We also include the case where PBH dominate the universe in
Sec. 6.2. The gauge issue of induced GWs is explained in Sec. 7. We list other GW counterparts
associated to PBHs in Sec. 8 and discuss the future observational prospects in Sec. 9. We also
provide a summary of the main formulas in Sec. 10. These formulas are ready for calculating the
induced GW spectrum for general primordial spectra. Thus, the reader interested solely in the final
formulas of the induced GW may jump directly to Sec. 5 and/or Sec. 10.. We end with a discussion
on future directions in the conclusions Sec. 11. We present many details of the numerical factors,
formulas and calculations used in the main text in the Appendices.

We work in natural units where i = ¢ = 1. We keep the reduced Planck mass M, = (87G)~1/2 3
in the equations, except in Secs. 2.2 and 4 where for simplicity in the calculations we set it to
My, = 1. At the beginning of each section we list the literature in which the section is based, except

for Secs. 8 and 9 which are relatively short. We provide a list of useful related reviews below.

A list of other useful reviews. The context of induced GWs is very broad. It covers cosmological 4
perturbation theory up to second order, stochastic GW backgrounds, primordial black holes and
primordial non-Gaussianity. Unfortunately, all the details cannot be covered in this review. Instead,
we list below existing reviews on topics directly related to induced GWs, which have been useful in

writing this manuscript.

e Cosmological perturbation theory. The classical reviews on cosmological perturbation theory 5
at linear order are the one by Kodama and Sasaki [/’| and by Mukhanov, Feldman and
Brandenberger [1(}]. A typical reference for second order cosmological perturbation theory
is the review by Malik and Wands [/(/]. Since then there have been many other reviews
on cosmological perturbation theory. Some that we found particularly up to date and useful
are Refs. [|07—104]. For a take on multi-field inflation we suggest Ref. [107]. For primordial

features in the primordial spectrum we refer the reader to Ref. [170].

e Stochastic GW backgrounds. Induced GWs are not the only source of GW backgrounds. 6
Reviews on the different cosmic and astrophysical sources can be found in the review by
Caprini and Figueroa || and by Christensen |7 !]|. A useful collection of cosmic GW spectra
can be found in Kuroyanagi, Chiba and Takahashi [! 7], although it is technically not a
review. A review focused on GWs from inflation is given by Guzzetti, Bartolo, Liguori and

Matarrese |1 7).
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e Primordial black holes. The literature on primordial black holes is very vast and currently 1
under refinement. A review that has been used in particular is the one by Sasaki, Suyama,
Tanaka and Yokoyama [ 7|. Other interesting reviews are Refs. [| 77— 7:]. A complementary
review on induced GWs with more focus on the PBH counterpart is given by Yuan and

Huang [/ 79].

o Primordial non-Gaussianity. Although quantum fluctuations during inflation are drawn from
a Gaussian distribution, they can develop small departures from such Gaussian distribu-
tion due to gravitational or general interactions. The reader interested in primordial non-

Gaussianities may check the reviews in the context of inflation and CMB observations, e.g.,
[180-183].
o Alternative expansion histories. A recent review encompassing many of the new physics of a

primordial universe which is not filled with radiation is given in Ref. [].

2 Estimates and intuitive picture?

In this section we present the intuitive physical picture behind induced GWs. We do not intend to 3
do a rigorous derivation but to lay out the basic assumptions behind the calculations. Before we
go into the details of the induced GWs themselves, we first review in Sec. 2.1 what is considered
to be the “observable” quantity for cosmic GWs. This will also be useful when dealing with the
gauge issue in Sec. 7. We later in 2.2 derive intuitively, based on heuristic calculations and order
of magnitude estimations, the main features of the induced GW spectrum in general cosmological
backgrounds. Lastly in Sec. 2.3, we give the relation between the typical frequencies of the induced

GWs with the corresponding PBH masses also in general cosmological backgrounds.

& Main references: Section 2.1 is mainly based on Misner, Thorne and Wheeler’s [ =] and 4
Maggiore’s || 7] books, while the original work is essentially due to Isaacson [ =0, [=7]. We follow
the notation of, e.g., Ref. [+, [01]. Sec. 2.2 essentially follows from [/ /] although it builds up from
previous works in the literature, e.g., [10,07,01,75]. Sec. 2.3 is mainly extracted from [0/, 122, 171].

All relevant equations can be found in App. E.

2.1 The spectral density of GWs in cosmology

A GW detector, such as an interferometer, measures the GW strain at a given frequency and time. 6
In the case of the SGWB, one is measuring the time and/or ensemble average of the superposition
of all incoming GWs. For convenience, cosmologists often use the energy density fraction of GWs
as the “observable”. However, it is not an easy task to theoretically associate an energy density to
GWs in general situations. This is because in general relativity there is no local notion of energy
of the gravitational field. By the equivalence principle, one may always go to a locally flat frame
and erase any sign of gravity. Of course, we know that GWs carry momentum and energy (after
all, they have been detected). Thus, indeed one can define the energy of GWs in some limits of
interest. For instance, when the frequency of the GW is much higher than that of a slowly varying

background |1 +7].
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Relevant to the later discussion, let us briefly review the case of GWs propagating in a Ricci 1
flat spacetime, i.e., a spacetime with no matter sources. We can then split the total metric as
9w = G + hyw where gy, is the background metric and h,, < 1 are the GWs, treated as a high
frequency perturbation. Then, by the non-linear nature of gravity, these GW backreact onto the
background metric. Mathematically speaking, if we expand the Einstein tensor up to second order
we will find terms quadratic in Ay, which can be thought of as a “matter” source. This means that,

if we somehow “integrate out” the high frequency perturbation, we can write’

~ — —2,GW

G,W[gm,} = Mp1 t;w [h/“,] 72 (2'1)
where G, is the Einstein tensor and t,cij is the (pseudo)-energy momentum tensor of GWs. A way 3
to “integrate out” the high frequency modes is by taking an average. For instance, we may focus on
a small box and take the volume (and/or time) average. The box shall not be too small, so that

several GW wavelengths fit in. In this case, we have that the (pseudo)-energy momentum tensor of

GWs reads [150, 187]
2

o _ Moty pasg - Lo o, nee0 !
o T Ty < H viap = 5 YuCo a6>= (2.2)
where all contractions of indices are done with the background metric. 5

In cosmology we face the extra difficulty of having a matter source to the Einstein equations 6
which drives the expansion of the universe. Because of the expansion, we also have a cosmological
horizon roughly given by 1/H where H is the Hubble parameter and quantifies the expansion rate.
For these reasons, the definition of GWs in a cosmological background is more subtle than in Ricci

flat spacetimes. Nevertheless, with some tweaks we shall write in analogy

G = M* (T +£37) ;7 (2.3)

where 7}, is the matter energy-momentum tensor. This time, however, we must be more careful 8
on the averaging procedure. Furthermore, we must introduce a slightly different, but important,
notation. First, in the helicity decomposition of the metric, the transverse-traceless component of
the spatial metric is referred to as tensor mode. A tensor mode with a comoving wavenumber k stays
constant if its physical size is larger than the cosmological horizon, i.e., k/a < H. In the opposite
limit, a tensor mode behaves as a GW if its physical size is much smaller than the cosmological
horizon, that is k/a > H. Thus, Eq. (2.3) only makes sense for the high frequency tensor modes
deep inside the horizon. This also means that the small boxes we used to take the average have to
be much smaller than the horizon size but still larger than several GW wavelengths. In addition
to that, in cosmology we often deal with a SGWB and, by ergodicity, we may take an ensemble
average over all small boxes. Under these assumptions we may use Eq. (2.2) to compute the energy
density of GWs in cosmology. Be aware though that these assumptions are strictly speaking not
enough as we shall argue in Sec. 7.

Proceeding with the cosmological SGWB, we consider GWs propagating in a Friedmann-Lemaitre-9
Robertson-Walker (FLRW) metric, namely”

ds? = —df? + a2(t)(5ij + hij)da:idl’j 7 10 (2.4)

3We have that the linear terms in the perturbative expansion in h,, vanish after averaging.
*Note that sometimes in the literature there is an additional factor 1/2 in front of h;j, e.g., in Refs. [+, 03] This
slightly changes the numerical factors in different steps of the calculations but, of course, yields the same results in

the end.
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k3 . ) k2 2
pow = Mﬁl/dln = {Z(hk,Ah—k,A)! + g(hk,,\h-k,ﬂ!} ! (2.5)
A

(he i z) = (heab_g ) (27)200) (k + k') . 4 (2.6)

_ 1 dpew K 6
Qaw(k) = SM2ZH? dink — 12a2H> ZA:P’“A(’“)’ 27)

(hi bt ) = =5 Ppa(k). (2.8)

=

] ~ — ] 2.
hi\ ahk,A (2.9)

hi; + 2Hh; — 0k0%hi; = P i {Tap} = P 35 {0a000s0¢} , 14 (2.10)

15

5We are assuming that the tensor modes are drawn from a Gaussian distribution. This is essentially the case
when they are generated by quantum fluctuations during inflation. Then, the expectation of a two-point correlation
function of a random variable that follows a Gaussian distribution is proportional to the Dirac delta.
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Without understanding much about the evolution of these fluctuations, we can already see that 1
Ph=Y PurxPi,.2 (2.11)
A

If the scalar field fluctuations were sourced during inflation, we can relate them to the curvature
perturbation R so that Ps, ~ Pr. Furthermore, the spectral density of GWs in a radiation
dominated universe remains constant, as GWs behave as radiation themselves. Thus, we can boldly
estimate that the amplitude of induced GW spectral density measured today is given by

. 1 4
Qinducedp? EQnth x P3 (2.12)

where Q,0 = pro/ (SHgMgl) is the density fraction of radiation, Hy is the Hubble rate today and
h = Hy/(100km/Mpc/s). We have introduced €, to take into account the dilution of the GWs
(as radiation) as the universe expands and goes through the cold dark matter and dark energy
dominated stages. We give more details on this factor in Sec. 5. h considers the uncertainty in the
exact value of Hy. From the latest Planck 2018 results [’| we have that Q,.oh% ~ 4 x 107°. With

all the above simplifications, we arrive at
QERh? ~ 1075P% . 6 (2.13)

The estimate (2.13) can be now contrasted with future observational prospects. The sensitivity
of future GW detectors after collecting data over several years might reach Qg‘%}medhz ~ 10716 if
we use the power-law sensitivity curves of Thrane and Romano [/’|. This optimistic value is for
the best DECIGO sensitivity [, | ©%]. Then, in the absence of an induced GW detection we can
use Eq. (2.13) to place an optimistic upper bound to the primordial spectrum on the corresponding
scales (roughly at 10'6-10'2 Mpc™! ) of about Pz < 107°. This is already 3 orders of magnitude
better than current constraints from the absence of PBHs (around Pr < 1072 [171]), although it
is still 4 orders of magnitude above the CMB extrapolation which would be around Pr ~ 10~ [].
The most interesting point though is that PBHs which formed by the collapse of large primordial
fluctuations, which requires Px = 1072, must have an observable large induced GW counterpart.

Thus, the absence of induced GWs completely rules out the PBH scenario from large primordial

fluctuations | =0, 100]. Note that PBH could have formed by other mechanisms though. For example,
PBH could form in first order phase transitions [/7 !, [77], tunnelling during inflation [!7], the
collapse of Q-balls [17, 107] and might also be the result of long range interactions stronger than
gravity [196-198].

In the above estimations we have completely neglected the evolution of the scalar fluctuations
since the end of inflation onwards, which is by no means irrelevant. As shown in Refs. [7 1,751,067, 00],
a period of dust domination might substantially enhance the amplitude of induced GWs. The
amplification is such that GWs induced by tiny primordial fluctuations might observable [, ((].
This case exemplifies the importance of the expansion history of the primordial universe. At this
point, we would like to emphasise that contrary to studies of the CMB we have scarce evidence
of the content of the primordial universe. Therefore, when deriving theoretical predictions, and
eventually contrasting them with the data, it would be a good idea to be open and acknowledge
our ignorance by allowing a free equation of state parameter w = p/p and a free propagation speed

of fluctuations ¢g, which describe the unknown content of the primordial universe. A nice review

3

5

7

8
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8} + 2Mop), + k25 = 0,2 (2.14)

=——= g(l + w) = constant . (2.15)

1—
1+ Where b= 3w.6
1+ 3w

axT (2.16)

constant cgkT <1 9
5(pk ~ 59073 (2.17)

. bl
a" ek okt > 1

dp; ~ 0y x 0(In(k/kp)) , 11 (2.18)

i+ 2HR, + KPhy & k2002 . 13 (2.19)

(kpT)? cskpr <1 17
constant + (k,7) 2 ¢k, >1

h(kr < 1) ~ { (2.20)
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What Eq. (2.20) tells us is that tensor modes initially grow as 72 due to a constant source. 1
Then, after the scalar source enters the sub(sound)-horizon regime, i.e., at csk,7, = 1, the tensors
developed a constant amplitude. Now, if b > 0 (w < 1/3) the scalar source decays much faster than
the cosmological background, that is 5@% JH? < (k7)~® — 0, and the tensor growth stops. However,
for b < 0 (w > 1/3) the scalar source decays slower than the background expansion which yields a
second superhorizon growth of the tensor modes [/!]. To follow tensor mode evolution, the second
line of Eq. (2.20) has to be matched at horizon crossing for the tensor mode (k7 = 1) with the

subhorizon solution. By doing so, we arrive at
hkr > 1) = (k)10 k7 (constant + (kp/k)_2b> 2 (2.21)

The final ingredient is that somehow the universe transitions to a radiation dominated universe to 3
recover the standard cosmology. For simplicity, we take an instantaneous reheating at 7 = 7, with
the corresponding reheating scale k., = H,n. From that moment on the spectral density of induced
GWs stays constant and we can derive our predictions. Inserting Eq. (2.21) evaluated at 7 = 7y,

into Eq. (2.5) we find that the IR slope of the induced GW spectrum is in general given by

d 1n Qinduced 4
Tﬁ“]’:(l@rh <k <ky)~3—2. (2.22)
We later find that for 8 € Z there is a logarithmic correction |7 !]. Also, if the scalar spectrum of 5

fluctuations is really a Dirac delta, the spectrum slope is given by 2 — 2|b| due to the unphysical
divergence of d¢, at k = k,. Note that for tensor modes which entered during the radiation
domination era we have to match the first line of (2.20) to the subhorizon solution. This yields a

spectral index given by

dln Qinduced 6
g (k< km) ~ 3, (2.23)
in agreement with the general results of Ref. [/]. These naive derivations will be later recovered 7

from the analytical formulas in Sec. 4. It is interesting to see that for b > 3/2 (w < —1/15) the
induced GW spectrum peaks at k ~ k,;, which is clearly different than the peak in the primordial
spectrum at k ~ k.

The intuitive physical picture behind (2.22) is the following. In a universe with constant b, modes 8
of a massless field (e.g., the tensor modes h;; or the scalar field d¢) which enter the horizon early get
more diluted than modes which enter later. For example, consider that right after horizon crossing,
i.e., when k = Hy, we have that the energy density of the massless field starts to dilute as p o
(ar/a)*. Since we have that ay, oc 7',1'”’ o< k717 then p o< af oc k7% and p/H? oc a=2/(1+0) o =2,
Thus, if the IR tail of induced GWs in radiation domination goes as k3, we expect Qqws ox k320
due to dilution [/ ]. However, as we have shown, this is incomplete for induced GWs from a peaked
spectrum. For b < 0, the density fraction of the scalar field ps, grows as a~26/(4b) " This means
that induced tensor modes which are generated later have a larger source and a larger amplitude
than those generated earlier. In other words, for b < 0 small £ have a larger amplitude than
large k by a factor a,;4 o k. Then, for b < 0 the density fraction of induced GWs goes as
Qaws o k372040 o k3426 [71]. This gives the general formula Qqws o< k32 that we derived in
(2.22). Whether this absolute value of b is unique to induced GWs is something yet to explore.

Before moving on to the near peak limit, let us comment on the implications of Eq. (2.22). 9

While the far most IR tail of the induced GW spectrum indeed must go as k3, we may have an
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hy =vi/a.4 (2.24)
5
b(1+b) k2 ‘ 6
2 2 2icskpT
vy + (k‘ i ) Vg = ;p&ppe pT (2.25)

-
o~ 8
vk X / dF sin (k(1 — 7)) 7717 be2icsknT (2.26)
Ti

o o / 47 71 be = (k=2esk0) o D[] (k — 2e5k) . 2O (2.27)
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is necessary. Nevertheless for b < 1, we can roughly write that the tensor modes in the near peak 1

regime have an amplitude given by
hi(k ~ 2c5kp, b < 1) o< constant — (k — 2¢sky)? . 2 (2.28)

This also implies that the induced GW spectrum has a peak near k ~ 2¢gk, with a growth rate 3

proportional to

|k — 2cqkyp| 2 b<0 4

. . (2.29)
constant — |k — 2¢sk,|” 1 >0>0

QEWI (k ~ 2c5ky) o {
These estimates will be later checked by the general analytical solutions in Sec. 4. Thus, the resonant 5
peak in the induced GW spectrum has information on the sound horizon csk, by the position of
the peak and on the expansion history b by the growth rate around the peak. This type of resonant
structure is characteristic of induced GWs. Thus, the observation of such resonant peak could give
strong evidence for induced GWs. Then, the sound speed of fluctuations ¢y and the peak £, could be
disentangled by the simultaneous observation of the PBH counterpart, which we proceed to discuss.
Note that in (2.29) the radiation domination case b = 0 is “special” because it is exactly when the

amplitude of the source term is proportional to the background density.

2.3 Primordial black hole counterpart 6

In this section we briefly introduce the PBH counterpart to the induced GWs. It is by no means /
a review on PBH formation and it does not intend to be so. A detailed review on PBHs can be
found in Ref. [174]. Other interesting reviews are listed at the beginning of this review. PBHs
from large primordial fluctuations will form in those Hubble patches where the density contrast
dp/p is above a certain threshold® 6. [100, 20:~20~], which depends on the EoS parameter w at
horizon re-entry [20°—"10]. Since fluctuations generated during inflation closely follow a Gaussian
distribution centred around zero, only the tail of the distribution has a large enough amplitude to
collapse to PBH. This means that PBH formation is an extremely rare event. The fraction of Hubble
patches where PBH forms is exponentially suppressed and sensitive to the root mean squared of
the distribution, which is related to the power spectrum. This is why we generally need Pr ~ 1072
to form a substantial fraction of PBHs. Precise estimations of the fraction of PBH is an active and
ongoing research field, e.g., see Refs. [(7, 21 =221] and references therein. For our purposes, it is
enough to know that only large induced GWs have a large associated fraction of PBH and, inversely,
the absence of large induced GWs rules out PBHs from large primordial fluctuations.

For simplicity, we continue with the assumptions of the previous section and take a primordial 8
spectrum with a Dirac delta peak at k,. This essentially leads to an almost monochromatic’ PBH
mass function. When the peak in the scalar spectrum enters the horizon, those fluctuations which
are above d. collapse into a PBH. By the end of the collapse, only a fraction 7 of the total mass
enclosed inside the horizon at horizon crossing (Hgas = k,) will end up as a PBH. We use the

symbol &® to refer to evaluation at PBH formation time. In mathematical terms, we have that PBHs

SHere we define the critical threshold in terms of §p/p. However, it may also be defined through the peak of the
so-called compaction function [119]. See Refs. [200-207] for recent studies.
"From the critical collapse we know there will be some dispersion in the masses. For simplicity, we neglect it here.
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mainly form with a mass equal to the mass enclosed inside the Hubble sphere, that is1

dm po _ AmyMy 2
T3 HE T H,

&

MpBH,@ = (2.30)

To grasp the magnitude of the actual PBH mass, let us write it in terms of a solar mass My by 3
referring all quantities in (2.30) in terms of the size of the horizon at matter-radiation equality
which is very well measured by Planck |’]. The numerical factors and formulas used to derive this

and the following estimates can be found App. A. After some numerical manipulations we arrive at

k —2-b k , _9 4
Mg 597 10780 (52) ()

1/2 —2/3
<(5) (Gsm) (Smd) . e

where we kept our ignorance on the primordial universe by leaving a free b (or w) (2.16). We 5

took v ~ 0.2 in a radiation dominated universe [(0] but it may differ for different expansion
histories [700—217]. g«(Tin) and g«s(Tin) are the effective degrees of freedom in the energy density
and entropy evaluated at reheating. It should be noted that we also assumed an instantaneous
reheating. In that case, the horizon scale at reheating k1, can be related to the reheating temperature
by

_ Trh g*(Trh> 1/2 g*s<Trh) _1/3 6
k= 1.2 x 1012 Mpce™! EAEASaRS VA . 2.32
i “ PC - \5x10tGev ) \ 106.75 106.75 (2.32)

As we have seen in Sec. 2.2, the peak in the primordial curvature power spectrum induces GWs. 7
These GWs have a typical frequency f;, associated to the wavenumber k,. Since the typical mass
and the typical frequency are related by the same typical scale k,, we can write one in terms of the

other. In this way, the typical frequency evaluated today reads

=1 b g
kp _3 MPBH ® 2+b frh 2+b
- ~1.54 x 103 H . ___ 2.33
= e . g <3.97 x 10-127, 1.54 x 103 Hz (2:33)

For a radiation dominated universe (b = 0) we have a one-to-one correspondence between the 9
frequency and the mass. If we fix the reheating scale, the relation (2.33) roughly tells us that PBH
with a given mass have an induced GW counterpart with a peak frequency at around f,. The exact
relation between f, and Mpgp e depends on the value of b. For instance, if b < 0 (w > 1/3) the
expansion rate was faster and for a fixed k, corresponds to smaller PBH mass at formation. The
opposite holds for b > 0 (w < 1/3). It should also be noted that for b > 3/2 (w < —1/15) there
is another peak in the induced GWs at k& ~ k;,. This may break the correspondence between the
PBH mass and the peak of the induced GWs if not all the GW spectrum is seen.

3 General formalism 10

In this section we present the general formulation of induced GWs. This includes the derivation 11
of the equations of motion in Sec. 3.1 and the general form of the solutions in Sec. 3.2. Then in
Sec. 3.3 we include the leading terms due to local-type non-Gaussianity. In Sec. 3.1, we derive the

equations of motion using the action formalism and so we do not follow the conventional derivation,
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e.g., of Refs. [17, 7]. The final result is obviously the same, but the derivation is rather quick and 1
clear. Throughout this section and on, we shall neglect the effect of vector perturbations as they
typically decay. Anyone interested in the approximations and applications may jump directly to
Sec. 4.

& Main references: In Sec. 3.1 we closely follow Ref. [/ 7] although we work at the level of 2
the Lagrangian. For alternative derivations starting from the Einstein equations see for example
Refs. [17, 7, 29]. Then, Sec. 3.2 is extracted from [ ] which is built upon and uses the notation
of Ref. [07] except for the numerical factor 2 involving h;j. Lastly, Sec. 3.3 on the primordial
non-Gaussianity is mainly based on Ref. [ ] updated and corrected by Ref. [/7].

3.1 Derivation from the action 3

We need to arrive at the equations of motion for the transverse-traceless component of the spatial 4
metric at second order in cosmological perturbation theory. Although it is a second order calculation,
we shall derive it quickly from the action formalism; if we work in a particular gauge and we only
focus on the interaction of tensor with scalars. It is particularly convenient to work in a gauge similar
to the Newtonian gauge® with the exponential notation typical of Misner, Throne & Wheeler |1+ 1].

With this choice and assuming a perturbed FLRW universe, the metric reads
ds? = g, datde” = —e*Vdt? + a®(t)e**Y; da'da? |5 (3.1)

where g,,,, is the metric of our space-time, i = {1, 2, 3} are the spatial components, a(t) is the scale 6

factor and we have further used the conformal decomposition of the spatial metric such that

d 0 7
il _ vy
5y detY = Y9 =¥, = 0. (3.2)

Note that for a flat FLRW background in Cartesian coordinates we have Y;; = d;;. The conformal 8
decomposition of the spatial metric is very convenient and simplifies calculations. It is also used,
e.g., in Numerical Relativity |77 ”]. In short, the conformal decomposition completely splits the trace
(volume changing) from the trace-free (volume preserving) degrees of freedom. In the Newtonian
gauge this decomposition directly splits the scalar and tensor modes of the spatial metric. This
means that Y;; only contains the transverse-traceless degrees of freedom. As we shall see, it also
leaves a clean splitting between Y;; and ® at the level of the action.

To consider a sensible cosmological set up, we include a canonical scalar field ¢ in the perturbed 9
FLRW metric. We can later generalize it to a perfect fluid quite straightforwardly. The action,
without any decomposition, is given by

10

1 1
S = /d4x\/—g {2R - 59’”8“@8,,@ - V(«p)} | (3.3)

where g is the determinant of g,,, R is the 4D Ricci scalar, 0, = 0/0z" and V(y) is the potential 11
of ¢. In the (3+1) conformal decomposition (3.1), after some algebra and integration by parts, the

8 Although we will abuse the notation “Newtonian gauge”, the Newtonian gauge is actually defined as the shear-free
slicing at the linear level. Our gauge choice reduces to the definition of the Newtonian gauge at first order but there

might be some subtleties if one wants to relate them at second order.
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action becomes 1

1. ) ) 1 ..
S = / B dt{aeq’”’ (2}2(3) [¥ij] = 2V D;D;® — YV D;®D;® — S YV DipDjip
(3.4)
1. . N2 1
1 3e3tY <8Yzjyklyikyjl _3 (H+ <I>) 4 2¢)2> - a363¢+\pv(¢)}’

where R()[Y;;] and D; are respectively the 3D Ricci scalar and the covariant derivative associated 3
to Y;;. Since we work in Cartesian coordinates, we already used that det Y = 1. In going from (3.3)
to (3.4) we took a big leap in the (3+1) and conformal decomposition of the 4D Ricci scalar. Some
steps can be found in App. C. For more details, the interested reader is referred to E. Poisson’s
book [77] for the (3+1) or ADM decomposition [’~ ], and to the appendix of R. Wald’s book [*”7]
for the conformal transformation rules.

Now, we could take the variation of (3.4) with respect to Yj;, having in mind that the result 4
should still be transverse and traceless, and obtain the transverse-traceless spatial component of
Einstein Equations. However, this would not be very illuminating. Before taking the variation, let
us use cosmological perturbation theory and expand the action. A smart way to decompose the

spatial metric and to keep the requirement (3.2) is to take the exponential matrix, i.e.,
Yij = (M) = 84 + hij + 68 hahyy + O(H?) >
ij = (€")ij = bij + hij + 56" hahj + O(h%) (3.5)

where hj; < 1 are the transverse-traceless (tensor) modes and satisfy 54 hi; = 8ihij = 0. This 6
is used, e.g., in Maldacena’s work on non-gaussianities [*”(]. For the details of the expansion in
general gauges see [/ 70)]. From now on, spatial indices are contracted with the background spatial
metric 6;;, for example hii hiz = 54 5klhikhﬂ. The inverse metric is then Y9 = 5ik6jl(e_h)kl. With
this expansion, the 3D Ricci scalar up to second order is given by

1 .
RO[eh] = — 20,0 M + O(h). ! (3.6)

We stopped at second order since we are only interested in scalar-scalar-tensor interactions. We 8

split the other variables as
oUtx) , P=0(tx) , = @(l)+ (LX), (3.7)

where ¢(t) is the background solution and ®, ¥ and d¢ are the perturbations. Using the perturbative 10
expansions (3.5) and (3.7) and only selecting the terms with two scalars and one tensor, we arrive

at
3 a’ i a i7 ki ij ij a,ij 11
S = d’x dt gh hij = gﬁlhklﬁ h™ — 2ah 61(<I> aF \I’)ﬁjq) + ah 81-<I>8j<1> aF §h 67;5(,08]'590 ,
(3.8)

where the first two terms correspond to the second order Lagrangian of the tensor modes. By taking 12

the variation with respect to h;; we obtain the equations of motion of induced GWs, namely
}.Lij = 3Hilij = aiQAhij =g 2pe ij {—86a(<b + U)0p® + 40,90, P + 28a5g06b5g0} ,13 (3.9)

where H = a/a is the Hubble parameter and P ij 1s the transverse-traceless projector, so that 14

the equation is consistent with the transverse-traceless degrees of freedom. For the moment, it is
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U+d=0.2 (3.10)

Tp.l/ = (P+P) up,uu‘i'ng,u,s (3]_].)

5, = 000 = g (300000 +V(0)) . (3.12)
The perfect fluid description of the scalar field follows from the identification 8
- % ° (3.13)
1If we simply focus on the spatial component u; we find that 10
Sp <> vy/p+P.11 (3.14)
Thus, in terms of the perfect fluid description we have that 12
hij + 3Hhi; — a 2Ahi; = 2P ;; {49,99,® + 2(p + P)d,vdypv} . 13 (3.15)

/ 17
do =— 2 <<I> + g) . (3.16)
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Ok, 7) =Tk, )Pk . 2 (3.17)

hiex + 2Hbi s + K2 hicy = Siex, 4 (3.18)
with 5 B ]
Sk’)\ = 4/ (271')3 613\] (k)Qin(I)qcI)|k—q|f(Ta q, |k - q|) 5 (319)
and 7
f(r,q,|k —a]) =Ts(g7)Ts(|k — q|7) 8
140 T} (gr) T} (|k — q|7)
— 22 7)) (Te(k — = = 2
45 (Tatan + ) (T - g+ 2EZID)

ha(7) = / T e ) (3.21)

k2

(ha(k, 7)ha(K', 7)) = /O Tdn /0 Tde(T,TI)G(T,TQMSA(k,Tl)sx(k',m)).13 (3.22)

14

d3 q d3 q/

15

<S)\(ka TI)S)\(klaT2)> :42 (271')3 Weij(k)q'iqjeij(kl)q'EQ;'

< (71,0, [k = a) f(72, ¢, [K' = o) (@ Pjic—q Py Pprr—q) - (3.23)
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We see that the induced GW spectrum depends on the 4-point function of the scalar fluctuations. 1
Such 4-point function may be decomposed in general into a disconnected, i.e., the product of 2-point
functions, and a connected piece [*]. If we consider that the stochastic fluctuations are drawn from
a Gaussian distribution, the connected 4-point function vanishes and we are led to”

272 27 2
((bq@‘k,q@q@‘k/,q/p = qT,P@((ﬁW,P@(’k - Q|)

x (2m)%0® (q + d)0P(k + K —q-q) + (g k—q). (3.24)

We discuss the case of mildly non-Gaussian fluctuations in Sec. 3.3. With further manipulations 3
of Egs. (3.22) and (2.8), integrating one internal momentum using a Dirac delta and writing the

remaining integral in spherical (momentum) coordinates, we arrive at

- o0 1+v Adv? — (1 — 2 2\2\ 2 4
Pn = 8/ dv/ du( v (w4 > (1, k,v,u)Po(ku)Ps (kv) , (3.25)
0 [1—v|

1 duw

where we followed the notation of Kohri and Terada [}]. In Eq. (3.25) we already summed over 5

polarizations (see App. D for the details) and we have introduced for convenience

k—q| 6
u .

q
4 3.26
v=d . (3.26)

We also took the oscillation average, i.e., we integrated over half period and divided by 7, to take 7
into account that observations of the SGWB actually measure an average over many wavelengths.
Furthermore, we have inserted all the time dependence into a ‘“kernel” or “transfer function” defined
by

(7, kyu,0) = /T & G(r, 7 f(F o v) . (3.27)

The (averaged) power spectrum (3.25) is the main quantity needed for the calculations of induced 9
GWs. Knowing (3.25) we can compute the spectral density of GWs by Eq. (2.7). Note that the
induced tensor power spectrum (3.25) is valid for any curvature perturbation regardless of its origin
as long as it is Gaussian. In the next section, we discuss in more detail the case when the fluctuations

® are generated during inflation.

3.3 Inclusion of primordial non-Gaussianity 10

Primordial fluctuations generated out of quantum fluctuations during inflation are very close to be- 11
ing Gaussian, although not exactly. Small departures of a Gaussian distribution are expected due to
gravitational interactions |/, 22(]. These perturbative departures from the Gaussian distribution

are often referred to as Non-Gaussianity (NG).'” Depending on the formation mechanism, e.g., due

9As in the tensor modes we have that the dimensionless power spectrum is given by

o2

(@®r) = Z5-Pa(k) x (2m)36° (k + k).

10 Although the name is not informative at all, as strictly speaking any distribution which is not a Gaussian is
non-Gaussian, in cosmology the term "non-Gaussianity" is often used to indicate small departures from a Gaussian
distribution, e.g., by a small but non-vanishing 3-point correlation function. For a detailed explanation, I recommend

to read E. A. Lim’s notes on primordial NG: https://nms.kcl.ac.uk/eugene.lim/AdvCos/lecture2.pdf.


https://nms.kcl.ac.uk/eugene.lim/AdvCos/lecture2.pdf
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to large interactions among fields, we may obtain some significant level of NG. The possibility of 1
observing NG of primordial fluctuations is very exciting, as it might provide information on the
particle content during inflation. For this reason, the study of NG is sometimes referred to as
cosmological collider physics [ 7].

For practical convenience, the predictions of primordial fluctuations generated during inflation 2
are often given in terms of the curvature perturbation R. This is because R is a non-linearly con-
served quantity on superhorizon scales [ 7~]. This makes it easy to set well-defined initial conditions
on superhorizon scales for whatever scalar variable one might want to consider, independently of
what happened previously (e.g., how inflation ended). For instance, since we are working in the
Newtonian gauge, we have to relate R with ®. It can be shown that on superhorizon scales the

linear relation is given by [229]

5+3w . 2b+3_ 3

_ = D, 2
R 3(1 + w) b+ 2 (3:28)

In the case at hand, we are interested on NGs generated during inflation, i.e., primordial NG. 4
These primordial NGs are often parametrized by the amplitude and shape of 3-point function or
the bispectrum [/, 1= 1]. For simplicity, we usually consider only the local type NG which can be

expressed as a local perturbative expansion around the Gaussian curvature perturbation RY by

R(z) = RI(z) + 3 fur (RO@))* ,° (3.29)
where the factor 3/5 is by convention.'' Note, however, that this is just a particular shape of the 6
NG. Currently though, there is no study on the impact of other shapes of NG on the induced GW
spectrum. Now, if we go to Fourier space the squared term in (3.29) becomes a convolution. Then,
we can write that for the ®; modes the perturbative expansion is given by
i

7
I PI (3.30)

d
q’q:q)ngFNL/(zﬂﬁ 1 ¥)q-1)°

where to avoid unnecessary numerical factors we have introduced 8

_ 32b+3 9

Fni = 5519 InL - (3.31)

We can then expand perturbatively the 4-point function in (3.23) as 10

(24P g Pr—ar)) = (PGPl PG Do) H

F? &l v DIPI DY 9, p9 Y
aF NL W W< g1 Fk—q-1| "¢ U |k’—q’—1’\>
+(k—qal«q+(K-d|<d)+ @+ d;k—al« K —d)
d31 a3l
2 9IHI 9 HI 9 9
oy / e /(%)3 (f ‘I’\q_u‘1’1/‘1)|k_q_1/\¢q/<1’|k/_q/|>
+(gedslk—al < K —d|)+O0(FxL). (3.32)

The first term on the right hand side of (3.32) is already computed in Eq. (3.24). If we focus on the 12
second line in the NG contribution of (3.32), we see that there are 6 possible non-vanishing Wick

" This factor is actually to compensate the factor in (3.28) for w = 0 since the original definition [0 was in terms
of ® not R.
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contractions in the first 6 point function of ®9 which, together with the 4 remaining possibilities of 1
the third line, makes 24 terms for the first NG contribution. In the fourth line of (3.32) there are
8 possible non-vanishing contractions, which make 16 possibilities counting the fifth line. The total
is then 40 non-vanishing contractions.'” The NG contribution can be further classified into three
different terms following the notation of Ref. [17]: the “H”, the “C”, the “Z”. Using Eq. (3.32) in

(3.22) and (2.8), these NG contributions to the induced tensor spectrum can be respectively written

as
DH _ 95 3 2 - 2
PE =2 Bl Y(k)ag;) PCryq.k—dl)
Po(q) / d*l Py (1) Po(k —q —1))
X | B kel (3.33)
3
GEER DY [ 5 [ L0905 6y T T = T L e )
Po(lk —1|) Po(l) Po(la —1])
34
k- 5 g O
and 4
DL 6 3 d3l zg
Ph =2 Fik Z (K)asase (k)ils T0r g, Tk — a1 4 k1)
Pa(q) Po(l) Po(k —q—1])
X kg T (3.35)
These derived formulas agree with those of Ref. [17]. We will assume that we are in the perturbative 6
regime, so that the NG contributions (3.33)-(3.34) should be thought of as a correction to the
Gaussian contribution (3.25). The first contribution (3.33) is also referred to as “hybrid” [/0]. Also

note that the second line in (3.33) can be reabsorbed into a redefinition of the primordial power

spectrum to include non-Gaussianities. For instance, we could write

&1 Pr(l) Pr(la—1
P%zVL(q)—PR(q)+FJQVLq3/27T 7;3() Té‘_llgb,

which follows from the computation of (®(k)®(k’)) using Eq. (3.30). This is the term considered 8
by Cai, Pi and Sasaki ['] and acts as a local redefinition of the primordial spectrum. With the

(3.36)

form of Eq. (3.36) it is much easier to compute the induced GW spectrum up to O(Fy ;) since
it just accounts for a replacement of Pg in (3.25) for szvL.The second contribution (3.34) was

first considered by Unal [/0] and the third (3.35) by Ref. [*!]. Unal also considered the terms of
O(F% 1) [77]. Most recently, Adshead, Lozanov and Weiner || presented a detailed and complete
analysis of all the contributions up to O(F4 ;). The interested reader is referred to Ref. [17] for

the detailed formulas. We discuss the main features of the NG corrections in Sec. 5. It should be
noted that the effect of primordial NG might compete with the terms due to non-linearities, e.g.,
from studied third order contributions to the source term of induced GWs. The reader is referred to
Refs. |1 17, 170] for the details on the third order expansion. Lastly, it should also be noted that for
simplicity we assumed a scale invariant fyr in (3.29). But, in general situations one expects that

fnr is scale dependent. For a recent study on the impact of the scale dependence see Ref. [].

12Since there are more possible contractions in the non-gaussian case with respect to the gaussian one, the numerical

factors of the NG contribution will be larger.



4 ANALYTICAL TRANSFER FUNCTIONS page 24 of 98

4 Analytical transfer functions?!

In general situations the kernel (3.27) and the power spectrum (3.25) have to be computed numer- 2
ically. The problem is that the time integral in (3.27) is extremely demanding for k7 > 1, as the
integrand is the product of three oscillating functions with frequencies that depend on the tensor
and scalar mode wavenumbers. In fact, k7 > 1 is the range of scales we are interested in. If we
extend the integral until today, say at 7 = 79 oc H ! and we look at scales much smaller than the
horizon, we trivially have k79 > 1. But there is more we can learn. For instance, scales accessible
to future GW detectors range from k ~ 107 to 10'® Mpc=!. These very small scales entered the
horizon much before BBN, which roughly correspond to the time when modes with & ~ 103 Mpc~*
entered the horizon.'” Luckily, this implies that we can evaluate the kernel (3.27) some time prior
to BBN when induced GWs are really inside the horizon and in a radiation dominated universe.
Then, from that moment on, we may simply treat these induced GWs as a radiation fluid with
w = 1/3. Note that we will also consider the case that the modes of interest enter the horizon in
an epoch where w # 1/3. In that case, we must follow induced GWs until the universe transitions
to the standard radiation dominated era. We give more details later.

Surprisingly, there are relevant regimes where the integrals in (3.27) can be done analytically. 3
This is the case of a constant equation of state parameter w and constant propagation speed of
fluctuations c¢,. For example, this includes a perfect fluid whether it is made of a scalar field'* or
an adiabatic perfect fluid, which are commonly used in cosmology. Even when there are transitions
between one perfect fluid domination to another, there will be periods in which w and ¢4 are almost
constant. Thus, the constant w and ¢, limit is a good approximation in a cosmological set up if
the modes of interest enter the horizon outside the transition periods. With these assumptions, we
present the solutions to first order cosmological perturbations in the Newtonian gauge in Sec. 4.1
and derive a very simple form of the source term (3.20) for the induced GWs. In the general
situation where w # 1/3, the integral (3.27) can be analytically done for modes which either enter
the horizon before or after the transition. In this way, in Secs. 4.2 and 4.3 we respectively derive the
kernel for modes which are subhorizon and superhorizon before the transition. When then follow

our solutions to the radiation dominated epoch.

& Main references: The whole section is a generalisation of Refs. [/, 7] to account for not only 4
general constant w but general constant c;. The notation used here improves and unifies those
of [0/, 71]. The main base of Refs. [0, 7] was started in [, (7] in the radiation dominated

universe.

4.1 First order solutions

At the moment, the formal solution (3.21) for the induced tensor modes does not tell us much. 6
To extract some meaningful information, we have to solve the equations of motion for first order

perturbations, which are given in detail in App. E. After some simplifications, the equation for the

3For reference note that the radiation-matter equality corresponds to k ~ 1072 Mpc~'. This means that at the
transition to the cold dark matter dominated epoch such induced GWs are already freely propagating GWs and can
be treated as radiation.

For instance, one has arbitrary constant w and cs = 1 for a canonical scalar field in an exponential potential [231]
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Newtonian potential for general w and ¢, and in the absence of isocurvature'® fluctuations reads'® 1

5 2
D" + (2¢ — ) HO' — (n—i—?s <1—|—e—77—2s+;))HQCI)—FC?W‘I):O, (4.1)

where we have also introduced € as in Eq. (2.15) as well as 3

é and ¢s 4
= — and s= .
" He Heg

(4.2)

The notation €, n and s is typical of inflationary models and simplifies the form of the equations. One 5
may of course write Eq. (4.1) in a more conventional notation, e.g., that in Mukhanov’s book [271]

which for constant cg reads

" +3H (1+c) @ + (2H + (1 +3c%)H?)  + c2k*® = 0,6 (4.3)

2

2 =w. !

where ¢2 = P/p and ¢2 = 6P/dp. In the case of an adiabatic perfect fluid one has ¢z = ¢

2

2 = w and ¢ = 1. As we already mentioned, for

In the case of a canonical scalar field we have ¢
analytical viability we are mostly interested in the case of constant w and cs. This requirement in
turn implies n = s = 0, so that the Newtonian potential in Eq. (4.1) behaves as a massless field.
The solution to (4.1) for general ¢; and w is given in terms of Bessel functions of the first and second
kind, explicitly

O(kr) = (cSk:T)_b_?’/2 (ClJb+3/2(cskT) + Cgi/},+3/2(csk7')) ,8 (4.4)

where b in terms of w is defined in Eq. (2.16). Now, we must give some kind of initial conditions to 9
®. If the primordial spectrum was generated by quantum fluctuations during inflation, the initial
conditions are well-defined and constant on super(sound)horizon scales, that is when cskT < 1. By

picking up the asymptotically constant term in (4.4), we find that Cy = 0 and
O(kr) = Ok 27321 (b + 5/2)(cskt) 32 Ty y5/0(cskT) , 10 (4.5)

where @y is the primordial (stochastic) value set by inflation. Note that the general solution (4.4) 11
is not valid for ¢s = 0 where the gradient term in (4.1) is absent. Nevertheless, the solution for
constant w is just ® = Py on all scales. The case of ¢; = 0 is quite particular as the fact that &
does not decay implies a constant source to induced GWs. This makes the detailed dynamics of
the transition to radiation domination very important for the final GW spectrum |7, ], when the
source term experiences drastic changes. We dedicate Sec. 6 to this particular case.

With an exact analytical formula for the first order perturbations, we can attempt to compute 12
the resulting induced GWs. For that, we first need to know the two independent homogeneous
solutions to the tensor mode equations (3.18), say h; and hy. For constant w they are given as well

in terms of Bessel functions with one order less than in @, concretely

hi(kr) = (k1) 0720y 1 p0(kT) and  ho(kT) = (k) "7Y2Y, y jo(kr). 13 (4.6)

BTsocurvature fluctuations are fluctuations that leave the total energy density of matter homogeneous. Thus, they
are only possible in multi-fluid systems where the density fluctuations of one fluid can be compensated by the density
fluctuations of another.

16 Actually to derive Eq. (4.1) we used the equations of motion for the curvature perturbation R for general w and

¢s as can be found, e.g., in [ =, 27] and then we changed variables according to Eq. (3.28).
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In Eq. (4.6), hy and hy respectively are the growing and decaying modes. Note that there is no 1
cs since in general relativity tensor modes propagate at the speed of light. This yields a Green’s
function (see App. B) given by

T (k%)b+3/2 2

PRy Ry (Jor1/2(E7) Y1 /2(kT) — Jyi1/2(kT)Yoi1/2(KT)) (4.7)

Gl 7) = 2k (kT)

This finishes the list of necessary ingredients for our induced GWs calculations. In passing, since 3

there always appears the combination k7 or k7 we introduce the useful notation
x = k7,4 (4.8)

which we will use from now on. Also, a tilde on x implies a tilde on 7, i.e., £ = k7.

Thus far it seems that we may have to deal with several integrals containing at least three 6
Bessel functions, which is challenging to do analytically in general. However, the source term to the
induced GWs ends up acquiring a simple enough form after several simplifications. For instance,

using the Bessel functions properties (see App. I), we find that Eq. (3.20) reduces to

2°0H312[h + 5/2] 2b—1 b—1 7
f(xv u, 'U) (2b 4 3)(b 4 2) (CS$> (U'U)
+ 2
X (JbH/Q (esvx) Jyq1/2(Ccsur) + . = Jpy5/2(Cs0T) Jb+5/2(csua:)> ! (4.9)

where we used z from (4.8) and u and v from (3.26). To arrive at (4.9) one needs to write the Bessel 8
function Ji, 3/, that appears in ® in a combination of Jy 1/ and Jy 5/5 which can be found in
App. F. So far, it is not entirely clear whether there is any physical reason behind the simplification
(4.9) which turns out to render the source term as a sum of the squared of Bessel functions of the
same order. This simple form of the source term is crucial to obtain analytical formulas for general
b and c¢s that we derive below.

Replacing (4.9) and (4.8) into Eq. (3.27) we find that the kernel can be written as 9

2b+ 3 _ 10
I(z,u,v) =r4"T?[b + 3/2] — (Guvz)~071/2 (Jot1/2(2) Ty — Yo 2(2)Is) (4.10)
where we defined for compactness 11
12
Tyy = / 4z 51720 | Jor1/2(%)
Yii1/2(T)
- . b+2
X | Jpy1/2(csvT) Jpp1/2(csu) + | Jb+5/2(csvx)Jb+5/2(c uz) | . (4.11)

Unfortunately, we are not aware of a general analytical formula for the time integrals (4.11) unless 13
b € Z, in which case the Bessel functions reduce to spherical Bessel functions and can be written
in terms of transcendental functions. This is for example the case of radiation domination b = 0
(w = 1/3), where the general kernel can be found in Ref. [(}]. Nevertheless, we can integrate (4.11)
in two relevant limits, > 1 (subhorizon) and « < 1 (superhorizon).

Let us explain the assumptions needed for the approximations before jumping into the actual 14
calculations. We are considering that right after inflation there is a period when the universe has

a free b (or w) and free ¢;. However, to recover the standard hot big bang cosmology, such epoch
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must end, and the universe must enter a radiation domination stage. Thus, whatever solution we 1
find in this section for the induced GWs must be followed until we reach the radiation dominated
stage. For simplicity, we will assume an instantaneous transition. Then, we will refer to the time of
transition as ‘reheating” time 73, and the comoving size of the horizon at that time as “reheating”
scale k. The value of kyy, in terms of the “reheating” temperature Ty, can be found in Eq. (2.32).
The assumption of an instantaneous transition might be important for those tensor modes with
wavenumber k ~ k.. Namely, those modes which entered the horizon around the transition. If the
transition is gradual, then our approximations will not be very good for modes which entered during
the last stages of the transition. In any case, as we shall see, the instantaneous approximation gives
a very good idea of the shape of the induced GW spectrum even for k ~ k;,. On top of that, we
will assume that the scale corresponding to the peak of the primordial spectrum enters the horizon
well before reheating so that during and after reheating there is no significant source of induced
GWs. In the case of a top-hat primordial spectrum, this means that the scale corresponding to
the IR cut-off enters the horizon much before reheating. Under these two assumptions, i.e., sudden
transition and “localized” primordial spectrum, we can proceed to derive our analytical formulas.

Note that this does not apply to the case when ¢; = 0 which we discuss in Sec. 6.

4.2 General subhorizon kernel 2

Let us start with the simplest situation. This corresponds to the case when all modes of interest 3
entered the horizon much before reheating, that is & > k;;,. Then, we can safely send the upper
integration limit in (4.11) to infinity, i.e., z = k7 > 1. This is because when we eventually match
our solution at reheating to a free GW propagating in a radiation dominated universe, the upper
limit would be xy, = k7 ~ k/ky, > 1. The integrals (4.11) for x — oo are derived by Gervois and
Navelet [777] and given in App. G. Here we just give the form of (4.10) after integration, which

reads
2b+ 3 |1 — y?|%2 4
b+2 cuv

X { cos (z — %) <Pb_b(y) + Ziipb_&(y)) Oles(u+v) — 1]

I(z > 1,u,v) =z °"14°T%b 4 3/2]

+ 2 (o ) (Q30) + 2 Qs,0) ) Olestut o) - 1
_ %Sin (z — ) (Qb—b(_y) + 221?%}52(—@/)) Ol — cs(u+ v)]} . (4.12)

where ©[z] is the Heaviside function, Pb_b(y) and Qb_b(y) are the Ferrer’s function of the first and °
second kind, valid for |y| < 1, and Qb_b(y) is the associated Legendre function of the second kind,
valid for |y| > 1. Their explicit expressions in terms of Hypergeometric functions can be found in

App. H. We also defined for simplicity

1-c(u—v)? _ 1
2c2uw N 2c2uv

1—c2(u+v)? 6

y=1 , (4.13)

and we Taylor expanded the Bessel functions for large argument. Note that y is related to the area 7

of the triangle made by the three momenta, cs|k — q|, ¢s|q| and k. The presence of the Heaviside
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function in (4.12) signals the possible resonance we anticipated in Sec. 2.2 when the wavenumber 1
of a tensor modes equals the sum of two typical scalar modes 2csk;, ~ k. In more practical terms,
when ¢s(u + v) ~ 1 the three Bessel functions in the definite integral (4.11) for z — oo conspire
(by rendering their product as coherent oscillations) and yield a divergent integral. Also note that
Eq. (4.12) has the same time dependence as a subhorizon tensor mode propagating in a constant b
and cs universe, e.g., see Eq. (4.6). In other words, it decays as a2 and oscillates with a frequency
proportional to x. This was expected as the source term for induced GWs decays once inside the
horizon and, therefore, induced GWs behave as a freely propagating GW. This does not apply in
the case of a dust dominated universe though.

In the current form Eq. (4.12) is general enough so that it can also be used in the C (3.34) and 2
Z (3.35) NG terms. However, in this review we are more interested with the Gaussian contribution
(3.25). Thus, we are more concerned about the averaged square kernel. After some simple algebra,

that is squaring (4.12) and calculating the oscillation average, we arrive at

{ Zﬁp,ﬂg( )>2®[cs(u+v)—1]
+ 4 (00 + 200 elestut v~
+ % (Q;b(—y) Zb’ﬁQH( ))2 O[1 — co(u+ v)}} . (4.14)

With the averaged kernel (4.14) we are ready to compute the induced GWs in quite general situa- 4
tions. We are only left with the integral over momenta which can be easily computed numerically.
Analytical formulas for the final GW spectrum are discussed in Sec. 5. Let us note that although
(4.14) might look technically complicated to implement, it is by far more useful than attempting
a numerical integration of three Bessel functions. Furthermore, the superhorizon approximation
is very good for modes with k£ > ki, regardless of the shape of the primordial spectrum. This is
because induced GWs with k& > k), are essentially already free GWs. Thus, soon after horizon
re-entry and thereon they will behave as relativistic particles in an expanding universe. This also
means that we can evaluate (4.14) and (2.7) at the instantaneous reheating time, i.e., 7 = 7y, to
estimate the observable spectral density of induced GWs. We will do this shortly. If the transition
is gradual, the kernel (4.14) is a good approximation for modes which enter during a period with
almost constant b.

In the next subsections, we will have a closer inspection to the kernel (4.14). After matching 5

to radiation domination, we will look at the behaviour of the kernel near the resonant point and in
the IR tail.

4.2.1 Matching to radiation domination 6

Let us discuss the matching to radiation domination in more technical terms. After matching the 7
background quantities at 7 = 734, that is the scale factor a and the Hubble parameter H we find

that a and H in the radiation dominated period follows the typical solution (found in (2.16) with
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T=T— ——Th, (4.15)

b 4
I(z>> 1,u,v) ol <A1,b sin <x — b%r) + Agy cos <:L‘ = %T)) ] (4.16)
_5
sin cosT 6

Irp(z > 1,u,v) A1 rp—— + Ao rD—— - (4.17)

8
8
\‘

2 2 kTin ? 2 2 8
Ai rp+ A5 RD = 11 (Al,b + A2,b) . (4.18)
This implies that although we should be calculating 9
k2 —— 10
QGW(k > krha T > Trh) = W,P’?D 5 (419)
with 11
) 1+v 2 (1 _q2 2\2\ 2 12
P,IjD:s/ dv/ du <4” (1= u”+v7) ) (@ > 1,0, u)Po(ku)Pa(kv),  (4.20)
0 1—v| duw
it is equivalent to evaluate 13
9 s 14 4.21
aw (k> km, ™ > 1) = th ] (4.21)
15
- o0 1+v 2_ (1 _q2 2)2\ 2 16
Pr =8 / dv / du (4"’ ( - ) ) (x> 1,0,u)Pa(ku)Pa(kv), (4.22)
0 |[1—v]

where the kernel i that given in (1.11). 17

1+0 19

krh = Hrh =

4.23
Trh ( )
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Q v u
< Cs(u+U

k l<u+twv

Figure 2: On the left, relation between the three vectors involved in the integrals of induced GWs for the 2
Gaussian part. On the right, illustration of the triangle inequality. We see that when 1 < ¢s(u + v) and
cs < 1 we are below the triangle inequality and the resonance is allowed by momentum conservation.

Fm _ , (4.24)

b+2\? . 7
Py = (—2b+ 3) Pr. (4.25)

k—q|<|k—q|<k+q or |k—q|—¢ <k<|k—q|]+q,10 (4.26)

11

N—v|<u<l4v or |Ju—v|<l<u+wv.12 (4.27)

[N
w

14
sin 0, = % . (4.28)
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[E

e?qiqj o sin? @ oc A%. 2 (4.29)

cs(u+v)=1.4 (4.30)

(&)

8  csc?(bm)

-l sy
Auv? T2[3 + b ' '

I2(z,u,v,b < 0) ez~ 200424 [p 4 5/9]

o

reevs(D < 0) o |1 — |y||?® o [k — 2¢c5kp[%. 9 (4.32)

10

Irzes(wa u,v,b > 0) %:I;_z(b+1)43b]_"4 [b o 5/2]

= (1+b+b?) TP \* 1
W <(b—|— Db+ 2) F[2b+3]) ) (4.33)

12

resvs(1 < b < 0) o< constant — |1 — |y]|® oc constant — |k — 2¢,k,|°. 13 (4.34)

_14
PR 1<

=
()]
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8  csc?(bm)

-y’ (435
Autv? T2[3 + b i '

(x> 1u,0,b < 0) ma 2004204 4 5 /9]

3

2 1 2) T > 4
II2R(£U > 1,u,'U, b > 0) ’Q_,Jx—2(b+1)43b1-\4[b + 5/2] 5 3 . ( aF b =+ b ) [b] , (436)
m2ctuv? \ (b+1)(b+ 2) I'[2b + 3]

I(z < 1,u,v) ®Byp + Bypz 2,8 (4.37)
where the exact coefficients are given by 9
20)2(1 2 41+bF2 2 10
Blb _ _(3+ b) ( +b+0b )(CS'U)_2 : sz [b+5/ ] (CSU)_2(1+b) ) (438)

’ 4b(1+ b)%(2 + b) YT bA+ )2+ o)
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of h;j implies continuity of the kernel. This means that the kernel goes from (4.37) to the kernel of 1
a superhorizon tensor mode in radiation domination, which reads

_ 1 : _ b 2
Irp(Z < 1,u,v) =B1 grp + Ba,rp(kT) with 7=7— mnh, (4.39)
where we introduced 7 from the continuity of the background FLRW metric, i.e., we imposed 3
continuity of @ and H at 7 = 7y,. Matching (4.39) and its first derivatives with (4.37), we find that

2b

1-b
B =B —  Bop(krp) 2 B =
1,RD 1p+ 140 2,6(kTen) ) 2,RD L

Thus, we have effectively continued the superhorizon kernel from the b = constant era to the

o 4
By y(krp) 720 (4.40)

radiation era. We can now follow the kernel down to subhorizon scales, which must behave as a
tensor mode in a radiation dominated universe as there is no source, that is Eq. (4.6) with b = 0.

Then, taking the averaged square kernel yields

1 6
After picking up the most relevant contributions, that is the leading terms for v > 1, we arrive at 7
1 (3 + 2b)? 2 8
12, (k< k N —
rp(k < han, 7> Tin) & 5o <4b(1 022+ b))
2
2 —2 4 14b12 (1-0) —2(14b) B\
X | (1 4+b+b%)(csv)™“ —4TT“[b+ 3/2] - (csv) (1—|—b)k— . (4.42)
rh

This is the kernel squared that should be used in the induced GW spectrum (3.25) for scales k < kyp,. 9
In this way, the kernel (4.42) yields the right IR scaling for localized sources in a radiation dominated
universe, i.e., Q. oc k3 [74]. The matching between the superhozion (4.42) and subhorizon (4.14)
approximations at k ~ ky;, has shown to be very good in the instantaneous reheating case [/ /|. Note
that for a gradual transition, the superhorizon approximation should still be good enough except

for those modes which enter during the transition. We can then calculate the spectral density of
induced GWs by

k2 — 10
QGW(k’ > krh,T > Trh) = th y (443)
with 11
1+v 402 — (1 — u2 272\ 2 12
RD —8/ dv/ ( v = ( 4u:j udi) ) IZ (x> 1,v,u)Ps(ku)Ps(kv), (4.44)
=

and using Eq. (4.42). Nevertheless, it is worth noting that for a Dirac delta or a fairly sharp 13
peak and b > 0 a good approximation to the full induced GW spectrum is to stop the subhorizon
spectral density (4.21) at k ~ 3/4k,, and match with a power-law Qgw = Qaw m(4k/3km)? [71].
The amplitude of Qgw n can be found by matching the two.

It should be noted that Eq. (4.42) does not recover the logarithmic correction typical of induced 14
GWs in a radiation dominated universe [/]. The main reason is that we assumed the source term
to stop at reheating and, therefore, that superhorizon tensor modes at that time behave as free
tensor modes. This is a good approximation taken for simplicity. However, the precise matching
would require to first match the Newtonian potential ® from a b = constant universe to radiation
domination and then continue the kernel (3.27) after reheating with the matched ®. This would
give a more accurate calculation and would most likely recover the logarithmic correction in the IR
tail.
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5 Typical induced GW spectra !

In Sec. 4 we have derived analytical approximations for the kernel (or transfer functions) of induced 2
GWs. However, we still have the integral over the scalar momenta. While the kernel was not so
sensitive to the shape of the primordial spectrum, i.e., the approximation is valid as long as all
the relevant primordial spectrum enters the horizon before reheating, the integral over momenta
crucially depends on the shape of the primordial spectrum. In this section, we will present the final
form of the induced GW spectrum and discuss their main features. We will not be so concerned
in the series of approximations to achieve analytical formulas of the GW spectrum, which can be
found in the papers. Before doing so, we will carefully derive in Sec. 5.1 what is the spectral density
of induced GWs measured today. Then we will focus on the simplest types of motivated primordial
spectra. These are a very sharp peak 5.2, a log-normal peak 5.3, a broken power-law 5.4 and a scale
invariant spectrum 5.4.2. We will also comment on possible oscillatory features 5.5 on top of the

basic shapes and the impact of primordial NG on the final GW spectrum 5.6.

& Main references: Although there are many studies on the induced GW spectrum for various 3

primordial spectra, we focus on the cases where analytical formulas have been derived. In this way,

Sec. 5.1 can be derived using the formulas in App. A and can also be found in [0, 7!]. Sec. 5.2
is mainly based on [/ ]. Sec. 5.3 follows [/ !,”]. Then, Sec. 5.4 is based on [*!]. Sec. 5.5 briefly
describes the results of Refs. [, 7]. Lastly, Sec. 5.6 reports the main findings from Refs. [+7,90,97].

5.1 The GW spectral density today 4

To find the power of GWs that we would observe we have to evaluate (2.7) today, namely 5

1 dpagwyo 6

(5.1)
SM2HZ dlnk

Qaw,o =

However, our computations in Sec. 4 were done up to and including the transition to a radiation 7
dominated universe. Since deep inside the horizon we have that pgw o p, a~* then after
reheating we have that Qqw = Qaw m = constant. To relate Qgw 1 With Qgw, o we can make use
of the fact that GWs behave as radiation and write

1 dpgw,o 8
Qaw oh? = Q. oh? ’
S O pro dink
_ Qr Oh2 g« (Trh) Gxs (Trh) /3
=1.62 x 107° ’ QGW 1h - 5.2
. (4.18 X 105> <106.75 106.75 GWrh (52)
where Q,0h% ~ 4.18 x 1077 is the density fraction of radiation today given by Planck [’]. We 9

also traced pr and pgw,0 back to the reheating time taking into account that the effective degrees
of freedom change with temperature. In the case that the induced GWs are generated during a
radiation domination era we should replace the subscript “rh” for the evaluation at a time when the
induced tensor modes start to behave as a GW. This is denoted with a subscript “c” by Inomata et
al. [126].

5.2 Dirac delta peak 10

The simplest case is that of a very sharp peak in the primordial spectrum. While this type of 11

spectrum is not possible to generate during single field inflation [/, 109, 221]; it may be achieved
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Pr(k) = Ard (In(k/ky)) . 2 (5.3)

Pr(vk) = Aré (In(vk/kyp)) = .AR%(S (v - %) ,4 (5.4)

kp k2

2 2
Qown®) =3 (22) (1~ ) Tho (/b RO, ~B). 55)

2
A2 (21402 4 BT2[3/2+ b\ [k \ 7T 1
Qaw.m( <0,k < ky) =21 (—)
al ’ 12 7rc§(1+b) (1+ b)1+b kp
23+2b k 2
A kE<Skn/(1+b
T(1+0)% (krh> ( n/(1+5))

; (5.7)

12
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L 1
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Figure 3: Induced GW spectral density for a Dirac delta primordial spectrum, in terms of wavenumber & /k,,. 2
We restricted the plot to k& > k,;,. We show the induced GW generated in a radiation dominated universe
(red line), in a stiff fluid domination with w ~ 0.9 (purple line) and in a soft fluid domination with w = 1/9

(orange line). All cases have c?

= w and, thus, the spectrum presents the resonant peak at k ~ 2c§kp. We
see that for softer w, the position of the peak moves to the left. We also see that stiff w enhances the overall

amplitude of the induced GW spectrum and has a sharper resonant peak.

for b > 0 we find 3

(2 +b)( 1+b+b2)> (krh>2 4

( 2b (1 +b)? Vi
(

) (k < k)

2
QGth(b>0 k<<k TR

! 5.8
2400 +3/2\” [ k> k> ko) (58)
where this time the matching is roughly at k& ~ k. The above formulas agree with those in Ref. [/ 1]. 5

The difference between b > 0 and b < 0 is the continued superhorizon growth in the case of b < 0
which is explained in Sec. 2. The most important aspect of Eqgs. (5.7) and (5.8) is that it clearly
shows how the IR spectral tilt of the induced GW spectrum is directly related to the equation of
state parameter at the time of induced GW generation. Thus, the observation of the IR tail gives
insight on the expansion history of the primordial universe. Interestingly, for b > 1 (w < 0) the
spectrum has a peak at & ~ ky, which is larger than that at k& ~ k,. This means that induced
GWs for b < 1 peaks at a different scale than the peak of the primordial spectrum. This has been
used, e.g., in [/ 7] to fit the NANOGrav results || | and at the same time predict PBH with a mass
smaller than the solar mass. If instead one assumes induced GWs in radiation domination to fit the
NANOGrav frequency range, the associated PBH counterpart must be of the order of solar mass.
We discuss more about these possibilities in Sec. 9. Another important point is that the amplitude
of the spectrum at k ~ k, strongly depends on the ratio ky,/k, and often mildly on b. We thus see
that the smaller the ratio k,;/kp, the more suppressed is the spectrum at k ~ k,j,. This is because
the main induced GW generation occurs when the scalar mode k, enters the horizon. Then, since

the modes with k ~ k;;, have been superhorizon until the transition they can only grow by a factor
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Figure 4: Induced GW spectral density for a Dirac delta primordial spectra, in terms of wavenumber k/k),. 2
This time we chose ¢ = 1 and, therefore, the resonant peaks of Fig. 3 are absent. We show in red w = 1/3,
in purple w ~ 0.9 and in orange w = 1/9. We see how the stiffer the w, the larger the overall amplitude of

the induced GW spectrum.

1 9
Qcw (k) = erf [ = sinh=! =) Qaw 5(k), (5.10)
: A ok, ) W
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_
Qaw.a(k) = erf Qaw s(k) (5.11)
GW,A ) T 2%k A GW,6 5 .

( 3 4
< > k< 2kpA < kg

2
QGWs(k < kp, 2kpA < krh) (0'e .A%’ < < > 2kpA <k <k (5.12)

5

3 6
) k <k

32|
Qawa(k < kp, 2kpA > ki) o AL { ( ) o < k< 2 . (5.13)

2-20b|
> 2k, A < k < Ky

2 m?k/kp) 9
OPE (A > 1) = 0.125%6‘—# . (5.14)
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Figure 5: Induced GW spectral density for the log-normal primordial spectrum. We used ¢ = 1, so there 2
is no resonant peak. We also chose b = 3/2 (w = —1/15) to show that for b < 1 the largest peak of the
induced GW spectrum for a Dirac delta is at k ~ ky,. In purple we show A = 10~° which for the range of k
shown in the plot is effectively the induced GW spectrum of a Dirac delta. For k < k;, the GW spectrum
goes as k2. In red we show A = 1073 so that the effects of the finite width occur within the plot range.
Around k/k, ~ 5 x 1072 the GW spectrum goes from k? to k3. Lastly, we show in orange A = 10~!. The
finite width becomes important now for k., < k < k, and the GW spectrum transition from k220 = k=1 to
k372b — kO.

Let us parametrize the primordial curvature power spectrum as a strict broken power-law given 3
by
k nIR 4
— kE<k
( kp ) -7

k\ ~"uv {
— k>k
(kp> -

where nig, nyy > 0 respectively are the IR and UV spectral tilts of the spectrum which peaks ©

Pr = Ar (5.15)

at k = kp. In single field models one often finds that nig ~ 4 [10]. If the enhancement of the
curvature fluctuations is due to a bump in the inflationary potential, then nyy can be related to
the second derivative of the potential at the bump [0, 270]. In such models nyy is also related
to the local non-gaussianity parameter fxn, [770]. In what follows, we will only focus on induced
GWs in the radiation dominated universe and later discuss its generalisations to other values of the
equation of state parameter. Currently, only analytical approximations for radiation domination
are available. Now, using (4.22) and (5.15) we can compute the associated induced GW spectrum.
Doing so for the IR tail, i.e., for modes with k& < k,, we find that

1 1 ANEYLAN
Qew.rn(k < kp) ~ 1242 o) ) o
GW, h( < p) AR <2nIR — 3 o 2’/’ZUV +3> <kp> B <kp> ( 6)

Eq. (5.16) is valid for nig > 3/2 and nyy > 0 and gives a good approximation of the IR tail. The 7
condition nig > 3/2 comes from requiring convergence of the integral at large internal momenta
(ur~v>1).

The UV tail of the induced GW spectrum presents two different behaviours. If 0 < nyy < 4 the 8

integral converges even in the strict limit v — 0. This means that we can pull out of the integral
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1, —2nyy 2
Qaw rn(k > kp,nuy < 4) = EARF(nUV) (k_) ! (5.17)
p
3
00 1+v 2 1.2 212\ 2 4
F('nUV) = 8/ d’l)/ du (4U (1 w ) > (uv)nUVI2(nUV’ k,U,U), (518)
0 |1—v] 4uv

16"%\/ 6

\/16 — nZy,

F(nUv) ~ 41 + (519)

16 1 1 k) 4 nwvo8
Qaw,m(k > kp,nuy > 4) = ?A% (nuv — — 4) (k—) : (5.20)
P

( i )3 ek 11
= <
k P 2n 0<nuy <4
Qaws (k) o A ];" . , with A= { oy oy . (5.21)
(k_) . kp 4 + nyy nyy >
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Figure 6: Induced GW spectral density for a broken power-law primordial spectrum with ni;g = 4 and 2
nyy = 2. In orange we show the result of numerical integration. In red we show the IR approximation
(5.16). In purple we show the UV approximation (5.17). See how the analytical estimates fit well the
numerical integration for £ < k, and k£ > k,. They even give a good order of magnitude estimate of the

amplitude of the GW spectrum around k ~ k.

5.4.1 Alternative expansion histories 3

Here we briefly present the spectral tilts of the induced GW spectrum if instead of radiation the4

universe was dominated by another perfect fluid. In this case, we find that (5.21) changes to [ ]

( Lk 3 5
— k< ky
(5 <k
, g\ 32l
Qaw (k) o« A% <k> ke < k< Ky (5.22)
2
" —A—2b
— k>k
(&) >
where b is defined in Eq. (2.16) and this time 6
B 2nuv O<nuv+b<4 7 (5.23)
4 4+ nyv nUv+b>4. .

Previously, in Secs. 2.2 and 4, we derived the IR broken power-law behaviour of the induced GW 8
spectrum for general equation of state parameter. Now, in this section we have a power-law UV tail
in the induced GW coming from the UV tail of the primordial spectrum. The additional factor —2b
with respect to (5.21) in the UV tail can be understood as follows. All modes with k > k), entered
the horizon deep inside the b = constant era and before the scalar peak at k ~ k,. After that the
induced tensor modes effectively behave as free GWs irrespective of whether b < 0 or b > 0. Thus,
the free GWs experience the typical relative redshift with respect to the background which is the
factor k2%, Note that if b < 0 the UV tail might have a blue tilt.
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5.4.2 Scale invariant spectrum 1

A limiting case of the broken power-law studied (5.15), setting nyy = nig = 0, is a scale invariant 2
spectrum typical of slow-roll inflation. In this case, it is easy to convince ourselves that the induced

GW spectrum for general expansion histories is given by

E -2 3
QGW,rh = A%]:(ba CS) <k> . (524)
rh
where 4
]:(b ) 3 2/ood /l—i-vd 4p2 — (1 — w4 1)2)2 212(b - ) 5 (5 25)
» Cs _3 0 v 1o U Ay ,Cs, R, 0, U) .

and I? is given by (4.14). Another explicit formula can be found at the summary section 10. The 6
integral (5.25) converges everywhere for any value of b and ¢5. However, note that (5.25) with (4.14)
is only valid for k& > k;. Nevertheless, since deep inside the radiation domination we expect a scale
invariant induced GW spectrum it is reasonable to assume that for scales k ~ k;;, we can match
the k2% behaviour to the constant spectral density. A more detailed, perhaps numerical, analysis
is needed to determine the spectrum for k ~ k1, as induced GWs are being sourced before and after

the transition.

5.5 Oscillatory features 7

In the subsections above we have discussed the GWs induced by the simplest shapes of the primordial 8
spectrum, that is a log-normal peak and a broken power-law. However, in some situations, it is
expected that the primordial power spectrum presents a series of oscillations usually referred to as
“primordial features”. For recent reviews on such features see, e.g., [/77—271]. These oscillations
can be classified according to the k dependence in their frequency. If the frequency is linear in k,
the oscillations resulted from sharp dynamics during inflation. For example, a step in the potential
in single field inflation [200—207] or a sharp turn in field space [~ !, 50,251,255, 205=270]. This case
is also known as sharp feature. If the frequency is logarithmic in k, the oscillations are called
resonant features. They are due to resonances during inflation on subhorizon scales. For instance,
resonances occurs if the potential in single field inflation has wiggles or a massive scalar field is
oscillating at the bottom of the potential [<7, 70,27 1=277]. In more general cases, such as general
interactions [/, 7] or alternative scenarios to inflation [’ ], the frequency of the oscillations in
the primordial spectrum could be a power-law of k.

Remarkably, despite the induced GWs being a second order effect, oscillations are not completely 9
washed out. The main difficulty is to derive analytical approximations to the induced GW spec-
trum. In this respect, Fumagalli, Renaux-Petel and Witkowski [/, 7] and also Braglia, Chen and
Hazra [(] did a detailed numerical analysis of the induced GW spectrum and derived motivated
semi-analytical templates. Perhaps the most interesting case which is when the oscillations in the
primordial spectrum are O(1). For example, this is the case when a sharp feature is responsible for
the peak in the primordial spectrum [~ /,”""]. Now, if the oscillations are large and separated linearly
in k, we can gain intuition by looking at the sum of Dirac delta peaks [, “!]. In this case if we
call wy, to the frequency of the Dirac delta peaks in the primordial spectrum, then the frequency

in the induced GW spectrum is wi"® = wyy/es [, ©!] (in radiation domination c¢; = 1/v/3).
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Figure 7: Primordial spectrum and induced GWs from a sharp turn in the inflationary trajectory from the 2
model of Ref. [ ], courtesy of L. Witkowski, J. Fumagalli and S. Renaux-Petel. Left: Normalized primordial
spectrum in terms of wavenumber k/k,. The solid line is the power spectrum resulting from the sharp feature.
The dashed line is the envelope of the oscillations. They are respectively given by Egs. (2.25) and (2.26) of
Ref. [+1] with § = 0.5 and 1, = 20. Right: Induced GW spectral density normalized by Ag. The solid line
is the induced GW spectrum of the oscillatory power spectrum while the dashed line is the induced GWs
from the envelope properly normalised. The oscillations have an amplitude of about 20% larger than the

envelope around the induced GW spectrum peak.

Interestingly, in the more realistic situation studied [*!] the induced GW spectrum follows an 3
envelope as if there were no oscillations and, on top of that, oscillations appear near the resonant
peak at k ~ 2csk, and reach at most an amplitude of about 20% in radiation domination [ |.
We illustrate this possibility in Fig. 7. Another example are O(1) oscillations due to a resonant
feature in the primordial spectrum. In this case, if we call wiog the frequency of the resonant feature,
the resulting induced GW spectrum exhibits two oscillatory components with frequencies wjos and
2wiog. The relative amplitude of such components depend on both the frequency and the envelope
of the primordial spectrum [~7]. For the analytical templates and a more detailed discussion see
Refs. [84,87].

5.6 Impact of non-Gaussianities 4

Here we briefly discuss the effects that primordial non-gaussianities may have on the induced GW 5
spectrum. We will not dwell into the details, which are well explained in Refs. [+, 00, 07]. The
leading formulas for local-type non-gaussianity can be found in Sec. 3.3. We describe the main
effects of local-type non-gaussianity below.

First, let us focus on the very sharp peaks of sec. 5.2 and 5.3. In this case, the most relevant 6
effect is that the induced GW spectrum does not stop at k ~ 2k, but continues until & ~ 3k,. This
is roughly because when including primordial non-gaussianity, the source term to induced GWs has
three scalars. Thus, we have a cut-off at k ~ 3k, by momentum conservation. Note that this effect
is characteristic of the sharp peak in the primordial spectrum. For large non-gaussianity, that is
Fyr > 1 in Eq. (3.30), the spectrum does not have the clear resonant peak of 5.2 but presents
a few peaks with similar amplitude instead [, ”]. Second, in the case where the peak is broad

or a broken power-law, the non-gaussian contribution typically has the same IR and UV spectral
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tilts |1, 02]. For large enough Fyy = 1, the induced GW spectrum also shows an additional 1
peak/bump at around k ~ 3k,. If the non-gaussianity is large enough, i.e., Agx Fy; > O(1), the
non-gaussian contribution starts to dominate over the gaussian one [/, ”]. However, it is not so
clear whether one can achieve ArF 1%, ;> 1 in inflationary models as in this case the non-gaussian
expression (3.30) cannot be regarded as a perturbative expansion | ]. A more detailed and general
analysis is necessary. It should be noted that if we include third order perturbation theory terms,
the induced GW spectrum for a Dirac delta peak has three resonant peaks instead of one [ 17, 1 71].
The primordial non-gaussian contribution to the induced GW spectrum, as we have just pre- 2
sented it, might not yield much information on inflation. For example, one may design a gaussian
primordial spectrum such that the resulting induced GW spectrum is exactly as that of a primordial
log-normal peak with large non-gaussianities. Although this may be a very complicated task, it
is in principle possible. In this sense, there is no telling primordial non-gaussianity apart just
from the induced GW spectrum [/ 79]. Nevertheless, the story becomes more interesting when
considering the PBH counterpart. Since PBH formation is highly dependent on the tail of the
distribution of primordial fluctuations, any tiny deviation from a normal distribution could have
an exponential impact on the fraction of PBHs. For the details see the recent discussions in
Refs. [2 17,2 10=201 000,20 1= 1], Then, ideally one may use the two observations, the PBH mass
function and the induced GW counterpart, to perhaps disentangle the primordial non-gaussianity

from the primordial spectrum.

6 The dust dominated universe?

In previous sections we have derived intuitive and analytical formulas for the spectrum of induced 4
GWs under the assumption that the universe was not dominated by a pressure-less perfect fluid with
vanishing propagation speed of fluctuations, i.e., w = ¢ = 0, so-called dust. The particularity of a
dust dominated universe is that the Newtonian potential is constant on all scales. As can be seen
from Eq. (4.1) with ¢2 = 0, ® = constant is a solution. This also implies that density fluctuations
of the dust fluid grow. In fact, they grow as dp/p o a. This is the typical behaviour of a CDM
dominated universe. This also means that there is a scale below which density fluctuations grow so

much that they become non-linear, i.e., larger than O(1). This occurs for modes with [ ]

3 5
k> kg~ \/QP;“(m)%(nh). (6.1)

Note that it does not mean that if there are fluctuations on k > ky, there will be no production of 6
induced GWs. It means that we cannot completely trust our calculations since non-linear dynamics
might be important, e.g., due to GWs from mergers. Nevertheless, we quite often have ¢ < 1 and
thus perturbation theory for & is sensible.

In Sec. 6.1 we show and discuss the subtleties of the dust dominated universe and derive 7
analytical estimates for the amplitude of induced GWs in the case of an instantaneous transition.
We apply our results to PBH dominated epoch in Sec. 6.2 and use overproduction of induced GWs

to place stringent constraints on the scenario.

& Main references: Sec. 6.1 is based on Inomata et al. [/, (0] with the notation of Refs. [0, 71]. 8

These works are built upon previous papers by Assadullahi and Wands [ ] and Kohri and Terada
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[02]. Then, Sec. 6.2 follows the pioneering work by Papanikolau, Vennin and Langlois [ further 1
extended by /] to account for the transition to radiation domination. Lastly, Ref. [(*] contains

useful details on the transition of the PBH dominated universe to radiation domination.

6.1 General dust domination 2

Let us now derive the kernels and some estimates for the induced GWs. First we note that the fact 3
that ® = constant in an early Matter Dominated (eMD) era seemingly makes naive calculations of

induced GWs easier. Just take a transfer function equal to unity in (3.20), which yields

5 4

f(r,q, |k —q|) = 37 (6.2)

where we took b = 1 (w = 0). Now we have to simply integrate (3.27) with a constant source. In 5
the limit where z > 1, we have that the averaged kernel squared is just a constant |7 1,07]. In our

notation we have

2
7 Gstak—a~(2) .° (6.3)
eMDx y 4,5 q 3 . .

We can then use (3.25) to give a naive estimation of the induced GW during the early matter 7
era. However, this is far from being a complete picture. As first realised by Inomata, Kohri,
Nakama and Terada, induced GWs from a dust dominated are more subtle and depend on the
nature of the transition to radiation domination 7, ((]. If the transition is gradual, the induced
GW spectrum is actually suppressed [(7]. The suppression can be understood from the fact that
the initial enhancement in the dust dominated universe found in Ref. [ ] is due to the constant ®.
If ® decays, the enhancement is not as efficient. Instead, if the transition from dust to radiation is
instantaneous, the induced GW spectrum get very much amplified [(]. We will shortly explain the
source of the amplification. Let us first note that the reason why we did not find such behaviour in
Sec. 4 comes down to the particular behaviour of ® in dust domination. In Sec. 4, due to the fact
that we assumed c¢? # 0, the general solution to ® in a w = constant universe is a decaying and
oscillating function. After the transition to radiation domination, ® is also decaying and oscillating,
albeit with different frequency. Thus, the matching between the two periods is well described within
the WKB approximation. In this case, only those scales close to k ~ k;;, might receive at most a
O(1) correction.

What is special about the instantaneous reheating in the dust dominated universe is that we 8
are suddenly going from ® = 0 to ®' # 0. Since ® did not have time to decay and the frequency of
the oscillations is proportional to the ratio of the largest wavenumbers £ with the reheating scale
kun, the amplitude of @’ right after the sudden reheating will be huge. A more physical picture was
presented in Ref. [((] and it goes as follows. Density fluctuations grow as dp/p o a and attain a
“large” amplitude by the end of the dust dominated era. These large fluctuations suddenly evaporate
and are converted into fluctuations in a radiation fluid, which create strong pressure waves. These
waves generate spacetime oscillations and are the source to induced GWs.

Let us explicitly show that ® becomes very large right after reheating. To do that, we first 9
consider that ® has an arbitrary amplitude during the eMD of ® = ®.5;p (k). Then, the eMD ends
abruptly and we enter a late Radiation Domination (IRD). Matching the general solution (4.4) and
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where we used that 7, = k7y,/2 = k/k, and we used that the numerical evaluation of the integral 1
in s roughly yields an extra factor 1/2 [/0]. Let us remind the reader that ¢, = 1/4/3 since we are
in radiation domination. From (6.18) we see how if kyy > kyy, the amplitude of the induced GWs
is tremendously large by a power of 7. Thus, not to backreact, we either need Ag to be extremely
small or we restrict the value of kyy not to be too large. Now, knowing the amplitude of the peak

(6.18) we can approximate the induced GW spectrum by

2

on k 7—2n
Qawsrm (k ~ kuy) ~ QR </€UV> O(kyv — k), (6.19)

where we used that although the cut-off in the induced GWs is at k = 2kyy the decay after k ~ kyy 3
is so fast that we can safely neglect it.

The resonant peak is not the only contribution after the sudden reheating induced GWs. There 4
is also the IR tail which corresponds to the u ~ v > 1 region of integration. Nevertheless,
this contribution is always suppressed by a factor ky,/kuy. The interested reader can find the
corresponding formulas in Refs. [0, 0¢]. In addition to that, there is the contribution of the
GWs induced during eMD, i.e., using the kernel (6.3) into (3.25). In the case of the sudden
transition, we can take the amplitude of the induced GWs as initial conditions for the subsequent
radiation domination era. Then the total spectrum is well approximated by the sum of the two
contributions [(]. This contribution will be small compared to the resonant part (6.19) but since
it may present a large plateau |° 1,00, 00| it may dominate on the very low frequency band. The
case of the gradual transition requires a more careful treatment which can be found in Ref. [07].

We shall proceed with a very interesting application of (6.19).

6.2 PBH dominated era®

An early matter dominated period could have been due to PBHs. Once formed, PBHs basically 6
behave like a dust fluid, i.e., a fluid with no pressure and no propagation speed of fluctuations,
like non-relativistic matter. Furthermore, their energy density practically redshifts as that of non-
relativistic matter. You can see this from the following. Since the number density of PBH, nppy
, is conserved (unless they substantially merge or evaporate) we have that npgg o a=3. The
total energy density contained in these PBHs is pppgy = Mppanpeu. Then in periods where PBH

3

evaporation is negligible we have that pppy o« a=°. For concreteness, let us assume that PBH

formed in a radiation dominated era, with an initial fraction of PBH given by

__ PPBH, PPBH,;: 7
6= =~ ] 6.20
bs . BHZMS (6:20)

where in the last step we used the first Friedmann equation (E.1). If 5 is large enough, then PBH 8

will eventually dominate the universe since we have that p, o a™%.

Now, for simplicity, let us
assume that these PBHs formed by the collapse of large primordial fluctuations with a very peaked
primordial spectrum at a scale k,. This has two implications. First, the PBH mass function is
almost monochromatic. Then, we can use Eq. (2.30) to estimate the peak mass in terms of the peak
scale k, by using that H; = k,/a;. We refer the reader to Sec. 2.3 for more details. Second, the
initial fraction of PBH g is determined by the amplitude of the primordial spectrum. In this section,
we take for convenience Mppy and B as the free parameters of the model. One can then relate the

scale and the amplitude of the primordial spectrum to Mppy and g, if necessary. Interestingly, in
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this situation the PBH evaporation occurs almost instantaneously || and, therefore, we can use 1
the estimates we derived in Sec. 10.2 with some corrections that we describe below. It should be
noted that the results we will derive here only apply to a sharply peaked PBH mass function. If we
considered an extended PBH mass function, induced GWs would be very much suppressed [(-].

A remarkable fact is that, as first realised by Papanikolaou, Vennin and Langlois [(7], due 2
to the inhomogeneous distribution, PBH themselves create density fluctuations which might later
source induced GWs. To see this, note that PBH formation by the collapse of large fluctuations
is a rare event |/ /] and so each PBH form uncorrelated of the others. Also, clustering is often
negligible. This means that, as a good approximation PBHs will be randomly distributed uniformly
in space. In other words, PBHs are distributed according to Poisson statistics. Such Poisson
statistics are dictated by the mean inter-PBH comoving separation. If PBH follow a monochromatic

mass function, the mean inter-PBH comoving separation at formation is given by

3 1/3 : 3
di=—"— =i 6.21
' (47TnPBH,i) v (6.21)
Note that in Eq. (6.21) we identify the comoving inter-PBH separation as the UV cut-off in 4
Eq. (6.14). This is because the fluid description of the PBH gas is valid only for k < kyv, i.e.,
at distances much larger than d;. In this coarse grained regime the initial dimensionless power

spectrum of PBH density fluctuations reads [(/]

5

2 )3 Okyy — k). (6.22)

k
Psppa = 5— (

31 \ kuv

We have showed with Eq. (6.22) that PBHs give rise to density fluctuations. However, in the 6
current model, PBHs form in an early Radiation Dominated stage (eRD) and, therefore, such density
fluctuations correspond to isocurvature fluctuations (for the definition see footnote 15). Thus, they
do not source induced GWs yet. Induced GWs are mainly generated by curvature fluctuations. If
one is interested in the latter aspect, the general source term in a two fluid system can be found
in Ref. [70]. The isocurvature nature of the PBH density fluctuations can be understood from the
following [7]. PBH formation in the fluid picture may be regarded as a transition of a fraction
of the homogeneous radiation fluid into dust. Yet, the total energy density of radiation remains
homogeneous, while PBH are distributed randomly. Thus, the inhomogeneity due to PBHs must
be isocurvature as the total energy density is homogeneous. Interestingly, such isocurvature is
converted into curvature fluctuations when PBH dominate the universe. This type of transition
from radiation to dust was studied analytically in detail by Kodama and Sasaki [~",2(]. Thus, we
can directly borrow their results which provide the transfer function for a vanishing initial curvature

perturbation ® and non-zero isocurvature deep inside the eMD era as

1 7
g k< k‘eq

TeRpSehin (ki@ > @eq) = § 3 /1 N2 : (6.23)
(7)) ok

The subscript “eq” refers to the early radiation-PBH equality. For an intuitive re-derivation,8
see Ref. [09]. Eq. (6.23) tells us that the initial isocurvature has been transferred to a constant

curvature perturbation. Modes which entered the horizon before the early radiation-PBH equality
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have decayed substantially and, hence, the suppression factor (keq/k)?. This means that the 1
curvature power spectrum due to early PBH fluctuations in the eMD on the smallest scales, i.e.,
(kuv > k > keq) is given by

3 [ keq \* (kuv 2
= — —_— kuv — k)O(k — ko) - .24
Para = o () () @(kuoy — O k) (6:21

It is the curvature perturbation spectrum given by (6.24) which sources induced GWs during the 3
eMD. However, we are most interested in the induced GWs generated right at the start of the IRD.
As we shall see, since PBH evaporation has a finite duration even for the monochromatic case, we
must take into account an important suppression. Then we shall use our estimate Eq. (6.18). Before
that, we need to understand and quantify the PBH domination a bit further.

Let us derive the conditions to have a PBH dominated era in the early universe allowed by current 4
observations. We start with our PBHs given an initial mass Mpgp; (2.30) and an initial fraction .
After formation, these PBHs will evaporate emitting Hawking radiation. This means that g cannot
be too small, otherwise PBH evaporate before they dominate. To quantify this requirement it is

enough to look at the evaporation time which for a non-spinning black hole reads [0+, 120, 227]

160 MPS’BH,Z' 5

lin 3 8ngn(Toom) M3, (6.25)
where g (Tppn) are the spin-weighted degrees of freedom and 6
o 9 Mpgi\ 7
Topn = M2 /Mppn; ~ 1.06 x 10°GeV ( T ) . (6.26)

If we assume only the standard model of particle physics we have that for PBHs which evaporated 8
before BBN then gy (Tppn) ~ 108. If we include a possible PBH spin the evaporation time decreases
reaching a factor 1/2 for the extremal BH case [’~“—0"]. Thus, we can take into account the PBH
spin by replacing teva — teva/2. This effect is considered in the induced GWs by Ref. [71]. We will
not consider PBH spin in what follows. From Eq. (6.25) we see that the “reheating” temperature,
i.e., the temperature of the radiation fluid which dominates the universe after PBH evaporate, is
given solely in terms of Mppy,;. Using the current cosmological parameters, which are given in

App. A, we find that the evaporation temperature can be written as

M N\ —3/2 2 /o -1/4 9
Tevaz:2.76><104GeV< PBH”) (gH(TPBH)> <g (Te“*)> : (6.27)

10%g 108 106.75

where g, are the effective degrees of freedom in the energy density of radiation [20, 20 ]. Here we 10
find our first constraint on the model: PBH cannot evaporate too late if they are to reheat the
universe. For a successful BBN the reheating temperature must be Ty, > 4 MeV [207—204]. This

puts an upper bound on the PBH mass as
MPBH,i < H X 108g. 11 (628)

Using Eq. (6.27), the comoving scale corresponding to the horizon size at the time of evaporation 12

is given by

kova = 4.7 x 101 Mpc ™! g1 (Tpn) v 9+(Teva) v 95 (Teva) o Mppp,i o 15)6 29)
e . 108 106.75 106.75 10%g |
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1/2 _ -1 2
_10 {(9u(TpBR) v \~1/2 ( MpBH,;
8> 6.35 x 10 <—1 - ) (—0. 2) i) (6.30)

P \1/3 4
PPBH X MPBH X (1 — > . (6.31)

eva

k2 6
29@ ~ ppBHOPBH + Pror, (6.32)

= - 0PBH (6.33)

(6.34)

-1/3 12
Sa(k/keva) = ® z( 2k ) : (6.35)

q>instant 3 keva
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Now, we can use our estimate for an instantaneous transition (6.18) but taking into account the 1
suppression of ® until the transition to radiation domination is completely achieved. This yields a

spectrum of curvature fluctuations at the start of the IRD given by

PorD = S5 (k/keva) Po PBH 2
3 79\ "3 [y 23 koq \* [ K —5/3
== (= o kuy — k)O(k — keq) - .
23 () () () el -bek-ka. (6
Comparing (6.36) with (6.14) we see that n = 5/3 and 3
9\ —1/3 =2/3 N\t 4
Ap =2 (2 kuy a) (6.37)
8m \ 3 e kUV

The final ingredient to derive the induced GW spectrum is the hierarchy of the scales involved. 5

First, note that the ratio between the cut-off kyy and key, is independent of 5 and it is given by [ /(]

kuv g (TpeH) > —1/3 (MPBHJ ) 2/3 6

6.38
108 10%g (6.38)

keva

~ 2.3 106<

The S independence of the ratio is due to the fact that Hey, only depends on the PBH mass and 7
Qeva/ i X nllg/é’Hi because it is a dust dominated universe. The hierarchy is closed with the second
and third relations respectively given by [/(]

k k 8
Koo _ Ja1i3g203 ana Fea  ap. (6.39)
kuv kp

Now, inserting Eqgs. (6.38), (6.39) and (6.36) into (6.19) yields an amplitude of induced GWs at the 9

peak of approximately

qpeak ~ 1.5 x 102 B 16/3 (l)S/?’ g (TrBH) —17/9 Mpgy, s 34/ 10 (6.40)
GWs,eva ™ ™ 10-6 0.2 108 10%g ‘ '

Note that the estimate Eq. (6.40) is the amplitude of induced GWs right after evaporation. It 11
should also be noted that (6.40) is valid for very sharp PBH mass functions. As the mass function
widens, the induced GW counterpart gets suppressed [“]. On top of that, we have that scales

k > knr (6.1), specially for k ~ kyy, PBH density fluctuations dppy become O(1) or larger.
However, our estimate (6.40) has been derived in the linear regime and might receive corrections
due to non-linear effects. Nevertheless, we expect it to be a crude order of magnitude estimate since
the main source of induced GWs, the curvature perturbation, remains always smaller than unity,'®
i.e., ® < 1. Numerical relativity simulations are needed to derive a preciser estimate of the induced
GWs generated in the non-linear regime. We show the resulting induced GW spectrum in Fig. 8.
Using (6.29) and (6.38) we find that the peak of induced GWs today lies at a frequency given by

~ 3 9H (TPBH) 1/6 9% (Teva) 14 g*,s(Teva) —1/3 MPBH,i R 12
fuv ~ 1.7 x 103Hy ( 222 -PBH) il e ) N G . (6.41)
108 106.75 106.75 10%g

Quite surprisingly, the frequency of the peak enters the observational range of LISA, DECIGO and 13
LIGO for 5 x 108 g > Mpgn,; > 2 X 10%g. Thus, this scenario is testable in the future.

8For example, this is also the case of a matter inhomogeneity in the universe, such as a galaxy, where the matter
density is clearly larger than the mean density of the universe but the gravitational potential can be considered as a

perturbation. In this perturbative expansion one recovers Newtonian gravity which is very accurate in galactic scales.
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Figure 8: Induced GW spectral density after PBH evaporation normalized by 4'/3 and in terms of comoving 2
wavenumber k/kyy. The dashed red line shows the resonant contribution from Eq. (6.16). The dashed
orange line is the large momentum contribution which can be found in [/0)]. The purple line is the total GW
spectrum. Due to the almost sudden transition the GW spectrum is amplified. This implies a very small

initial fraction S of PBH not to overproduce induced GWs.

To compute the amount of induced GWs measured today we must consider the redshift of GWs 3
until today. We did this in Sec. 5 with Eq. (5.2). However, if we want to evaluate the amplitude of
induced GWs at BBN, we only need to know the fraction of GWs that compose the total radiation
after reheating. This can be done by considering the degrees of freedom of the standard model,

which leads us to

g*(Teva) g*s(Teva) _4/3 4
G o Qe eva - 42
cw,seN =0 39( 106.75 > ( 106.75 o (642

Since these induced GWs act as additional radiation, they contribute to the effective number of 5

relativistic species Neg at BBN. The contribution of GWs to Ng is by convention'? written as [*-]

7/ 4\Y3 6
Qew,BBN = 3 (11> ANg < 0.05, (6.43)
where in the last step we used that BBN [200, 200)] sets an upper bound ANy < 0.2.2° In this 7
way, we can constrain the amplitude of GWs from existing BBN bounds. Note that to be precise
the BBN bound is a constrain on the total energy density of relativistic particles. Thus, we should
have actually integrated our induced GW spectrum over In k and then compare it with the bound

(6.43). However, since the GW spectrum is very peaked and we are already working with order

19Tt is parametrised as the effective number of neutrinos below the electron-positron annihilation temperature. In
this way, the factor 7/8 is the relative factor of the energy density of fermions with respect to bosons. The factor
4/11 is the relative factor of the entropy of neutrinos and photons. Since T" s¥3 and p oc T* we get a power of 4/3.
This is well explained in Baumann’s lecture notes http://cosmology.amsterdam/education/cosmology/.

*ONote that one obtains similar bounds from studies of the CMB [0, 302]. However, these CMB constraints
consider gravitational waves as a dark radiation component and depend on the initial conditions of such dark radiation
fluctuations. As an order of magnitude estimate we limit ourselves to the BBN constraints [209, 00] on the fraction

of extra relativistic particles. We thank an anonymous referee for clarifying this point.
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of magnitude estimates, it is justified to just look at the peak of the GW spectrum. If we use the 1
current constraints from BBN, then we obtain that

Mppi,\ ~17/# 2
10%g i

B <1.5x107° ( (6.44)

This is a new constraint on early epochs of PBH dominations which cannot be obtained by any3
other means.

Interestingly, PBH evaporation also emits “gravitons”, i.e., very high frequency GWs. While 4
these gravitons are not observable by GW detectors, they might be seen as effective relativistic
particles at BBN [22:—207]. Future CMB probes such as CMB-S4 [:0] will be able to improve
current bounds down to ANgg ~ 0.02. Unfortunately, the graviton contribution of non-spinning
PBHs to Neg is out of reach for future CMB probes. Nevertheless, if PBH have a large spin (and
dominate the universe at some point), the graviton contribution to Neg will be accessible to future
experiments [0, 20”]. This signature from graviton emission together with induced GWs will be
an interesting probe of PBH dominated eras. While the graviton contribution to Neg tells us about
PBH spin, the induced GW counterpart has information on the formation mechanism [/!]. As a
clarification, note that the graviton emission and induced GWs are two very different effects. While
the former is emitted by Hawking evaporation, the latter is generated by the time dependence of
density fluctuations. The composition of such density fluctuations is not important, e.g., if a fraction
are gravitons, as long as it behaves as fluctuations of a radiation fluid.

Before ending this section, we should note that we also have the induced GWs generated in the 5
PBH dominated stage by using the Kernel (6.3). This is studied in detail in Ref. [17]. However, as
we discussed at the beginning of this section this contribution is sensitive to the detailed transition
to radiation domination. In the present case, where the transition is almost instantaneous, we can
continue the tensor mode amplitude build up during eMD to the IRD. Nevertheless, this contribution
is always subdominant compared to the one after reheating [(]. Thus, our estimate (6.40) provides

the dominant peak of the induced GW spectrum.

7 The gauge issue®

Despite the large amount of research on induced GWs, there is still the open question of what 7
we really observe. This was made explicit in 2017, when Hwang, Jeong and Noh [/ 7] showed
that the induced GW spectrum generated in a dust dominated universe depends very much (by
orders of magnitude) on the gauge chosen. Although the gauge issue was mentioned earlier by
Matarrese, Mollerach and Bruni [!7], it was not until || 1] that it received more attention. From
then and on, there has been a big activity to understand the problem [/ 7(—107]. For example in
Refs. |11, 177] other cosmological backgrounds rather than dust were studied. They found that
the gauge dependence is in general present. Later studies ||~ !(7], proposed partial solutions and
investigated in which situations the spectrum of induced GW might be well defined. We dedicate
sec. 7.1 to explain the origin of the gauge issue. Then, we discuss these approaches in detail in
Sec. 7.2.

& Main references: The discussion in sec. 7.1 is mainly based on [0, (1]. Then, in Sec. 7.2 we 8

revisit the main arguments of [17, 17| and explain the improved results of [1(1].
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7.1 The origin of the issuel

To understand the source of problem, we must distinguish between what we call tensor modes and 2
GWs. On the theoretical side, we define tensor modes in a homogeneous and isotropic universe as
the transverse-traceless fluctuations of the spatial metric.”’ However, this definition must depend
on how one chooses the spatial hypersurface. Although tensor modes are gauge invariant at linear
order, they fail to be so at second order in cosmological perturbation theory. This is reflected by
the fact that tensor, vector and scalar modes mix at second order [!7]. This may pose a problem
when we want to relate the tensor modes in a given slicing to the observational effect, which are
the GWs. Note that this is not necessarily an “issue”. If the quantity related to observation is
clear and calculations are done properly (perhaps in a reasonable coordinate system), one should
get proper results. For example, in studies of the CMB the temperature anisotropies and the
polarization patterns of the CMB are well defined at second order. The interested reader is referred
to Refs. [100—207] and references therein.

The trouble with GW observations is that we only know the GW detector response to linear 3
GWs. Only at first order the relation between the tensor modes and GWs in the linearised theory
is clear, since tensor modes are gauge invariant at that order. There is a subtlety, though. A tensor
mode whose wavelength is larger than the horizon is frozen, it does not evolve. So it acts as a
constant anisotropy or shear and, as such, it has nothing to do with actual GWs. Furthermore,
since the wavelength of the tensor modes is larger than the curvature scale, the averaging procedure
used to derive the (pseudo) energy momentum tensor of GWs in Sec. 2.2 does not apply. For these
reasons, we will be only concerned about tensor modes on subhorizon scales. These tensor modes
have a wavelength smaller than the horizon and behave as a wave, which are the GWs we could
observe.

In the absence of the GW detector response at second order, we face the problem that we do 4
not know the relation between tensor modes and the true GWs. In most situations though this
should not really be a problem, unless one is choosing a very strange coordinate system to describe
the observations. For instance, to describe the GWs measured by a GW detector today we usually
do not need to consider second order terms as the amplitude of the GWs is already tiny enough.
However, this issue is particularly relevant for induced GWs due to their secondary nature. Now,
there are two important aspects of the problem. First, we have that the derived tensor spectrum
depends on the gauge choice. Second, we expect that once the source term in (3.15) is absent, i.e.,
its amplitude decayed enough, such previously induced tensor modes behave as a freely propagating
GWs. From that moment on we should be able to relate the induced tensor modes to GWs. Thus,
we must reconcile our physical intuition with the fact that tensor modes are gauge dependent. To
arrive to that, there are two points that we would like to make as clear as possible. The first one
concerns the tensor modes h;; themselves and the second one to the actual observable, which in
Sec. 2.2 we decided it would be the energy density of induced GWs (2.5). We present them in the

following subsections and we later discuss the current state of the issue in Sec. 7.2.

2'Without the symmetries of an FLRW background the definition of tensor modes is more subtle. For example, in

anisotropic inflation they are constructed from the 2D scalar and vector perturbations [0, |.
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ds? = a*(r) (~N?dr? + &7y, (do' + N'dr) (do? + Nidr)) .3 (7.1)
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Now, looking at (7.6) and (7.7) the first question that comes to mind is: h;; in (7.7) is evaluated in 1
which gauge? Indeed, if we naively apply the gauge transformation (7.6) to (7.7) we see that

paw ~ (R9R) = paw + (BT TOTHT) + ...,2 (7.8)

where we neglected other terms to illustrate the main point, which is that the term quartic in 7" in 3
(7.8) does not vanish in general. This shows something that we were expecting in Sec. 2: the energy
density of GWs (7.7) in analogy of the Ricci flat result (2.2) is strictly speaking not well-defined
on a cosmological background at second order in perturbation theory. Furthermore, it does not
matter when you evaluate the energy density, e.g., today. In principle, we can find a coordinate
transformation in which pgw is very different from the usual estimate. For example, if we go to a
frame where the detector is wildly oscillating, Eq. (7.7) might not yield sensible results. This is the

second and the most important cause for the gauge dependence of induced GWs.

7.2 Current “solutions” 4

In view of the current lack of a description at second order in cosmological perturbation theory of 5
the detector response to passing GWs, all we can do is to try to argue when Eq. (7.7) yields sensible
results. Before we start discussing the details, it is important to realize that a gauge invariant
formulation of the equations of motion of induced GWs (3.15) does not help at all. There are
infinitely many ways to define gauge invariant variables, each definition corresponding to a particular
gauge choice. Thus, the same question remains, although with a slightly different language: which
gauge invariant definition of the tensor modes goes into (7.7)7 Similarly, if one tries to find a gauge
invariant formulation of (7.7), which implies going to fourth order in cosmological perturbation
theory (and it is clearly not the point), it is not clear what is the relation with the real observable.
So, what can we do?

An interesting direction, first explored by [ /] and later corrected by [/ ], is to argue what is 6
the gauge (or coordinate frame) which best describes the GW detection. According to Ref. [I77],
based on the analogy with asymptotically flat spacetimes, the best gauge is the so-called transverse-

traceless (TT) gauge where the metric reads
ds®> = —dt® + (5@' = hij)dxidxj T (7.9)

In Minkowski spacetime, there are only two degrees of freedom, the ones in h;j, since there is no 8
source to the energy momentum tensor. In this gauge and in the linearised theory, the GW detector
is at rest, even for passing GWs, which makes the physical interpretation (and calculations) much
easier [, [=7]. The closest gauge to the TT gauge in a cosmological background is the synchronous
gauge which is a coordinate system spanned by a family of geodesics. In our convention the metric

in the synchronous gauge is given by

ds® = a?(7) (—dT‘Z + e2¢njdxidxj) k (7.10)
where we set « = 3 =0 in (7.1). Let us remind the reader that 10
[ln T]z] = hij + 2 (3283 = %&JA) E, 11 (711)

and therefore we have two more variables, ¢ and F, than in (7.9). In the end, only one of them 12

is dynamical. Thus, although at linear order (7.11) resembles the TT gauge (7.9) it is certainly
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not the same. At linear order and if we neglect the drift due to the expansion a, the metric (7.11) 1
does describe a fixed detector. However, at second order the detector will not be fixed and will
feel the influence of E. Another “problem” of the synchronous gauge is that it is not a completely
fixed gauge. There is a residual gauge ambiguity which corresponds to a change of the reference
geodesics. This gauge ambiguity turns out to be very important in the final spectrum of induced
tensor modes. If one does not properly fix the synchronous gauge, then induced tensor modes could
be very different than, e.g., in the Newtonian gauge [/ ~|. This is because if we start with a family
of geodesics defined in the very early universe and we use the same geodesics to describe the GW
detection, it is very possible that these geodesics do not match the rest frame of the detector. The
resulting induced tensor spectrum might be singular if those geodesics happen to have focusing
singularities near the detector [/ (!]. Nevertheless, by properly fixing the gauge one finds that
the induced GW spectrum in the synchronous gauge and in the Newtonian gauge yield the same
prediction in a radiation dominated universe /=5, [7°]. This also holds for any cosmological
background with a constant equation of state [ ] if it is not dust, i.e., ¢2 # 0. This result provides
evidence that perhaps the energy density of GWs (7.7) computed in the Newtonian gauge, which
we do for simplicity of the calculations, yields meaningful results. However, it does not explain why
these two predictions coincide. Furthermore, the original issue raised in || '] in a dust dominated
universe persist.

Here is where the direction explored in Ref. [ (1] becomes relevant: when and why the energy 2
density of GWs (7.7) yields the same predictions and for which gauges? The physical intuition is
that the analogy with Ricci flat spacetimes should work well if:

(i) we look at really subhorizon scales (k > H), where cosmology should be less relevant, 3

(ii) there is (barely) no source of induced GWs (3.15), so that induced tensor modes are freely

propagating GWs,

(117) we use a coordinate system suitable for small distances calculations, so that we are not confused

by strange coordinate artefacts.

As shown in [0 1], if points (i) — (¢7i) are satisfied then (7.7) is gauge independent up to corrections 4
of O(H?/k?). Note that conditions (ii) and (iii) yield some restrictions respectively on the type
of cosmological background and on the class of gauges. In order to show such approximate gauge
independence, Ref. |10 1] argued that a good gauge choice to start with is the Newtonian gauge.
The physical reason for that choice is that on small distances the Newtonian gauge reduces to the
well-known Newtonian gravity. The practical reason is that calculations are simpler. Nevertheless,
the argument provided in |/ ] does not strongly depend on the initial choice provided that it is
suitable for subhorizon calculations. For example, one could have started with the synchronous
gauge or the uniform Hubble gauge.

Starting from the Newtonian gauge we can relate the curvature perturbation ® in any gauge, 5

say ®C, with that of the Newtonian gauge, say ®V, by (7.5) which yields
Pg =Py +HIg+ 3ALg. 6 (7.12)
Then, the class of suitable gauges for subhorizon physics is defined as those gauges in which 7

Dk > H) = 0@y (k> H)).8 (7.13)
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This means that the curvature perturbation need not be the same but have the same qualitative 1

behaviour. We shall see that although this is a requirement on the scalar variable ®, it yields the
gauge independence of h;;. Using (7.13) into (7.12) we find conditions on the gauge parameters T

and Lg. For example, the gauge time parameter must be

Ta(k>H) = O(H '®x(k > H)) or higher order. 2 (7.14)

Note that this abstract condition (7.13) actually includes most of the commonly used gauges such as 3

the synchronous, the flat and the constant Hubble gauges [/ |. However, it excludes the comoving
slicing gauge [0 1]. The main reason for such exclusion is that the comoving slicing gauge is a choice
where the spatial hypersurface is orthogonal to the flow lines of the fluid. This is a good choice for
superhorizon scales where the flow lines are slowly changing with time, but it is a poor choice for
subhorizon scales where fluid velocities oscillate. To convince ourselves of the gauge independence
of (7.7), take the solution to ®V (4.5) and hf}f (4.14) for constant w, which read

For such solutions, the condition (7.14) translates into 5
T = O(hY) or higher order. 6 (7.16)

Then, using (7.6) with Lg = 0 and in Fourier space we have 7

d3q i 8
=1 = [ e, Tl Ta(k — ), (7.17)

where we used that in the Newtonian gauge we have E = 5 = 0. So when substituting (7.16) in 9

(7.17) we conclude that for all gauges which satisfy (7.13) we have that

hS (k> M) = hiY (k> H) + O(H?/k?) ,10 (7.18)

which proves the approximate gauge independence of pgw (7.7). It should be noted that while the 11

work of [1(/1] is not a solution per se, it shows when and why the predictions for induced GWs are
well-defined and gives strong evidence that the calculations in this class of gauges are meaningful.
In any case, the final word would be to find the GW detector response at second order.

Before ending this section, let us place some more attention to point (i), i.e., that the source
term to induced GWs is not active. This means that the amplitude of scalar fluctuations has decayed
enough so that they are no longer a significant source of induced GWs. This is often implied by
taking the subhorizon limit & > H since induced GWs are mainly generated at horizon crossing,
ie., k ~ H, and not afterwards. However, there is one exception: the dust dominated universe
studied in Sec. 6. In a dust dominated universe, the Newtonian potential ® is constant on all scales
and, therefore, is constantly sourcing induced GWs. This is the reason why Ref. [/ /7] finds such
large gauge dependence of induced GWs in a dust dominated universe. Yet, we learned in Sec. 6
that the final spectrum of induced GWs is very sensitive to the transition from dust to radiation,
where ® changes from a constant to an oscillating function. Thus, one must follow the induced
tensor modes generated in the dust dominated universe until they are deep inside the horizon in the
radiation dominated era. It is from that moment on that the conditions (i) — (zi¢) of [/0 ] apply.

Then we know that the spectrum of induced GWs is approximately gauge invariant.

12
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8 Other GW sources related to PBH formation?!

So far, we have focused on the GW induced by large primordial fluctuations. These large fluctuations 2
collapse to form PBH if their rms amplitude is large enough. Once PBH form they may source
other GWs independent of the induced GWs. Let us anticipate that the other GW counterparts are
from PBHs mergers and graviton emission by Hawking evaporation. We briefly comment on these
possibilities below.

On one hand, PBHs will form binaries in the early universe and eventually merge. The formation 3
of such binaries is mainly due to the three body interaction with the nearest PBH [100]. These
PBH binaries can be detected by the observation of resolved or unresolved merger events. In the
former we would see the full GW waveform, e.g., as in the LIGO detections ['!(], and the latter
will appear as a stochastic GW background. These makes two additional possible GW counterparts
to PBHs. Note that if PBHs are lighter than 10'° g they evaporated by today and, therefore, we
probably cannot observe any resolved merger. PBHs heavier than 10'® g have not yet evaporated
and their binaries could be merging in the nearby universe. The GW spectrum from the unresolved
mergers is studied in Refs. [/ 17,711, 717] while the estimates for the merger rates can be found in
Refs. [ 71,200, 215=210]. A very rough order of magnitude estimate of the frequency at which the
GWs from the mergers of PBH binaries will show up is given by the frequency of the GWs emitted
at the Innermost Stable Circular Orbit [ 7]

M, 4
Jew,max = 2fisco ~ 4.4kHz <M®> , (8.1)

where M is the total mass of the binary and My, is a solar mass. For a monochromatic PBH mass 5
function then M = 2Mpgp,;. This may change by a factor of a few depending on the redshift at
the time of merger, so that fow max,0 = faw,max/(1 + 2). For PBHs with Mpgg; > 10" g we can
assume that most of the mergers occur in the nearby universe and so the frequency (8.1) already
gives a good intuition of the position of the peak in the SGWB from mergers and the chirp frequency
of the GW waveform, see for example Ref. [/ 1”]. However, PBHs with Mppg; < 5 x 108 g have
merged and evaporated long before BBN. In this case, we can assume that most of the mergers
occur close to the evaporation time and, if PBH dominated the universe as in Sec. 6.2, we can take

into account the redshift of the frequency (8.1) until today. A quick estimate yields

fmerger%1015HZ MPBH»i 12 M i M e M K (8 2)
peak.0 101 g 106.75 106.75 108 ’ '

which gives the right order of magnitude estimate for the position of the peak. For the detailed 7
spectral shape in this case see Ref. [(7]. The peak frequency of this SGWB is unfortunately too high
to be observed by current laser interferometers. Note that the PBH mass range 10° g < Mpgn; <
10" g is subject to tight constraints from entropy production, changes in the abundance of light
elements, the extragalactic photon background and damping of CMB temperature anisotropies. For
a detailed review see Ref. |1 70].

On the other hand, when PBHs evaporate they also emit “gravitons” by Hawking radiation. The 8
typical frequency of such gravitons can be estimated by assuming that Hawking radiation follows
a black body spectrum. Then, the peak frequency is roughly at fpeax ~ 2.82Tppn,; where Tppp
is given in Eq. (6.26) in terms of the initial PBH mass Mppp ;. Note that the frequency fpeax is
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the peak frequency of the spectrum when PBH evaporate. Thus, we have to take into account that 1
frequencies redshift proportional to a~! to calculate the frequency of these gravitons today. To
do that, we will use the calculations of Sec. 6.2 which considers the case that PBH dominate the
universe. Then, we can compute the evaporation temperature T¢y, in terms of Mppy ;i by Eq. (6.27).

Inserting all numerical coefficients, we find that the graviton peak frequency today is given by

fgraVitonQ’l()lGHZ Mpgnh ;i 1/2 M v M e M K (8.3)
peak,0 1O4g 106.75 106.75 108 ' .

A more detailed derivation of the graviton spectrum and the frequency range can be found in 3
Ref. [07]. Unfortunately, these are very high frequency GWs which are not observable by direct
detection with the current capabilities. Nevertheless, they might be within range of future CMB
experiments by looking at the contribution of these gravitons to the effective number of relativistic
species at BBN [7=+—207]. Very interestingly if PBHs have a large spin, their imprint on the effective
number is within range of the CMB-S4 experiment [0, 207].

It is also important to notice that in some inflationary models involving axions coupled to gauge 4
fields the enhancement in the primordial curvature perturbation is accompanied by an enhancement
in the primordial tensor spectrum [~, 100,71 7]. In this case the primordial GW signal is in general
larger than the induced GW one. Thus, in this scenario the induced GW signal may be buried
inside the primordial GWs. It is possible that a detailed observation of the spectrum and the PBH

counterpart helps to distinguish such scenario.

9 Current and future observational prospects®

In this section, we briefly discuss the future observational prospects regarding induced GWs. We 6
will not focus on the prospects for PBHs, although they are equally interesting. Nevertheless, let
us mention the most interesting PBH windows as they provide good motivation to look for induced
GWs in particular ranges. The first one is the LIGO binary black hole mergers [0, 11 —117].
Notably, although some models are already ruled out by current data ['! ] there seems to be
evidence for a small fraction of PBHs in addition to astrophysical ones [ 111, 72(]. Interestingly, the
corresponding induced GWs to the PBHs in the LIGO window fall in the PTA band.?” Coincidently,
the NANOGrav collaboration reported a possible SGWB in such range [ |, yet to be confirmed. We
discuss more on NANOGrav a bit later. Another interesting window is the planet mass PBHs [ 17|
where the OGLE collaboration reported few microlensing events of planet mass objects [12”]. Future
microlensing observations such as with Subaru/HSC [!”] will be able to confirm the results from
OGLE. If we assume that radiation dominated early universe, planet mass PBHs have an induced
GW counterpart that falls in between PTA and LISA. The last promising window is for PBHs in
the asteroid mass range where there are practically no observational constraints yet [/ 7/, | 70] and
therefore PBHs can make up for all dark matter. In this case, the induced GW counterpart falls
right inside the LISA band. Thus, induced GW will be an essential probe of PBH as dark matter.
For a review see Ref. [ 71]. Also see Ref. [| 7] for a detailed discussion.

Let us now turn to the observational prospects of induced GWs. Although there are weak 7
constraints from LIGO ['” ] on the induced SGWB [!17, 25, 520], the most interesting part is the

22That is assuming an early universe dominated by radiation and using the estimates of Sec. 2.3.
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Figure 9: NANOGrav results on the possible SGWB [1+] in terms of spectral density. The orange dots are 2
the data points from the timing residuals with their error bars. We only show the first five data points which
are the most relevant. The points in the orange shaded region were compatible with white noise and not
considered for the fit. In light purple we also show the NANOGrav 11-yr sensitivity curve from [:27]. In
solid lines we show the allowed slopes within the 1-o contours. In blue and purple we respectively show the
upper and lower limits on the slope, k'/2 and k=3/2. In magenta we give the approximate best fit for the

data, which is a scale invariant spectrum.

future prospects. On one hand, the absence of induced GWs directly translates into bounds on the 3
primordial spectrum [29]. In this way, assuming radiation domination, we see from Ref. [27] that
the bounds are roughly Pr ~ 107° for k ~ 106 — 108 Mpc~! in the PTA band, Pr ~ 10~ for
k ~ 10" — 10" Mpc™! in the LISA band and Pgr ~ 102 for k ~ 10" — 10'® Mpc~! in the ET
band. CMB spectral distortions will probe down to Pr ~ 107® for & ~ 10 — 10° Mpc~! [11, 3]
However, one of the problems is that such future bounds depend on the shape of the induced GW
spectrum. For example, if we only see part of the induced GW spectrum, e.g., the UV or IR tail but
not the peak, then in order to extract information on the amplitude of primordial fluctuations we
must extrapolate the results beyond the range of the GW detector by assuming some template [ 7].
On top of that, we have the issue that some induced GW templates might degenerate with other
sources. As a good example for these potential problems, we proceed to discuss the various induced
GW explanations of the NANOGrav results || -].

The NANOGrav collaboration reported a common process signal in the time residuals of the 4
frequencies of pulsars || *]. While no quadrupolar nature of the signal has been found, it is interesting
to consider the possibility that the signal measured is in fact the SGWB of induced GWs. The main
features of the reported spectrum [!-], in cosmologists terms, are that it has an amplitude of
QGW,0h2 ~ 107 at a frequency of 2 x 107?Hz and a spectral index, that is Qaw,o o k", that ranges
from n ~ 1/2 to n ~ —3/2 within the 1-0 bounds. This means that the NANOGrav data seems
to prefer a rather flat GW spectrum. This is illustrated in Fig. 9. Using the very rough estimate
of Sec. 2, that is QGW,Oh2 ~ 10_673723, we find that if the peak of the induced GW spectrum lies
around f ~ 2 x 107Hz then the amplitude of primordial fluctuations that sourced such induced
GWs is about Pr ~ O(1072). Such amplitude of primordial fluctuations is right at the value when

PBH formation is interesting, and their masses are in the LIGO window.
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The main complication is that the NANOGrav GW spectrum is rather flat and the induced 1
GWs from a sharp peak are very peaked and decay as k? in the IR. This means that there are two

possibilities: either the GWs were induced by a broad peak in the primordial spectrum (including

a flat spectrum) [120—121, 122, 157] or the GWs were induced in non-radiation dominated universe
with w < 1/3 [17]. Below we list the main results of these works:
— Ref. [121] found a negligible amount of PBH in LIGO region but the PBH could be the seeds?

of supermassive black holes.

— Ref. [ 1] found a larger amount of PBH in the LIGO band than [/ ~] and also pointed out 3
that the SGWB from unresolved mergers could detectable in the future by LISA and ET.

— Ref. [1] showed that the induced GWs from a flat primordial spectrum could explain all 4

dark matter.

— Ref. [ /] proposed a particular inflationary model with an axion-like curvaton which could 5
explain the NANOGrav result as well as the LIGO events due to primordial non-gaussianities.

Similar claims appear in Ref. [ 1)] with a Higgs-like inflation with non-canonical kinetic terms.

— In a different direction, Refs. [| 7] and [ ] studied the induced GWs from a peaked primordial 6
spectrum in a non-radiation dominated universe. They both find that a soft equation of state
seems to be preferred. In particular, Ref. [1 17| use the IR tail of the induced GW spectrum
from a very peaked primordial spectrum (see Sec. 5) to fit the NANOGrav results. They found
that the 1o contours on the spectral tilt translate to bounds for the equation state parameter
as —0.1 < w < 0.05.

— Ref. [*1] uses the UV tail of the induced GW spectrum from a broken power-law primor- /
dial spectrum. They concluded that the NANOGrav results imply a small non-gaussianity
parameter fyr < 0.7.

It is important to note that the induced GWs are not the only explanations of the NANOGrav 8
results. For example, among many others, possible candidates are cosmic strings [+~ "1]| and first
order phase transitions |7’—279]. Within the next decades, we expect to have more information
from PTA experiments. We also expect the GW detector LISA to launch. In order to distinguish
these candidates to the NANOGrav data, we will need better resolution for a better Bayesian
analysis [ /0] but crucially we will need other discriminators of cosmic GWs. In the case of induced
GWs, if some of the LIGO binary black hole mergers are found to be PBHs, the NANOGrav signal

would have a strong case to be induced GWs.

10 Summary of main formulas®

We dedicate this section to recollect the main formulas scattered around the review and present 10
them so that they are ready for use. We first give the GW spectrum measured today Q2gw o in terms
of the spectral density of GWs at a pivot scale Qaqw . The subscript “rh” stands for reheating and
refers to the time of instantaneous transition to the standard radiation dominated era. In the case

where GWs are induced during radiation domination, the pivot time “rh” refers to the time when
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induced GWs of given wavenumber & are sufficiently inside the cosmological horizon to be treated 1
as a radiation fluid in an expanding universe. With these clarifications, we can use the results of

Secs. 4 and 5 to write

Q. 0h? 9+(Tn) \ ( gos(Tin) \ ~/* 2
Qcwoh? = 1.62 x 1075 r,0 £l e 0 . 10.1
GW.0 . (4.18 105 ) \ 106.75 ) \ 106.75 GWrh (10-1)

We give the detailed expression of dqw,n for a general equation of state in Sec. 10.1 and for 3
the particular case of a dust universe with an instantaneous transition to radiation domination in
Sec. 10.2.

10.1 General equation of state 4

We studied in the detail the derivation of Qgw 1 for general expansion histories in Sec. 4. The main 5
approximations used are the following: (i) there is an epoch of constant w and ¢, after inflation,
(77) the peak (or plateau) in the primordial spectrum enters the horizon during such era and (i)
the transition to radiation domination is instantaneous. Note that in the case of standard radiation
domination these assumptions are unnecessary. The presence of a transition to radiation domination
introduces another relevant scale k.1, which is the last comoving scale that entered the horizon at

the transition. The GW spectrum for scales k > k,;, takes a general form given by

—2b 1+v 6
Qawrh = ( > / dv/ du T (u,v, b, cs)Pr(ku)Pr(kv), (10.2)
rh
where we defined the transfer function as 7
4% — (1 — u? +2?)2 2 21 8
Tlu,v.be) =N e) (G0 ) -2

2
X { <Pb_b(y) + Z+ 2Pb4l;2(y)> Oles(u +v) — 1]

4 ( b+2 2
+ 2 (050 + 20w)) Slaa(u+ o) -1
4 ( NER: 2
+ = (Qb "(—y) + 2 —— 0 (— )) Ol — cs(u + u)]} , (10.3)
and the numerical coefficient is given by 9
2 a1 (242 —o(4p) 10
N(b,es) = ﬁF [b+ 3] (2b+3) (1 + b)~20+0) (10.4)

In Eq. (10.3) we have introduced the following notation for convenience: 11

_1-3w 1—c2(u—wv)? 12

(10.5)

These equations are general enough for k > k;;, that can be used for any shape of the primordial 13
spectrum as long as the main feature, whether it is a peak or a plateau, enters during the w =
constant epoch. If the transition to radiation domination is gradual, then we only expect a change
in the IR tail of the spectrum for modes which entered during the relevant stages of the transition.

Following with the instantaneous transition, it is important to note that for b > 1 the IR tail has a
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2 2 2 2\2\ 2 5

y* [(4v® — (1 —u®+0v9)
Trp(u,v,cs,w =1/3) == < 120

2

) } (10.6)

1
3¢

? 1|1
X {%y2@[cs(u+fu) -1+ (1 = Eyln ll—ﬂ

Y

4 402 — (1 — u? + v?)? ’ °
Tep(u,v,e5w =1) = 3mct|l — y?| ( 4202

x { (14 3y?) Ofes(u+v) — 1] + (1 — 32+ 3y\/|1 — y2|)2 Ol — cs(u+ 'v)]} : (10.7)




10 SUMMARY OF MAIN FORMULAS page 66 of 98

10.1.3 Soft fluid domination 1

The next case is that of a soft fluid with b = 1/2 (w = 1/9). This could be due to a scalar field 2

rolling down an exponential potential. After some algebra, we find that

28 (4v? — (1 —u? +02)2\° 3
S 4u2v?

T (u,v,cs,w =1/9) =
X { (4 + 45y%) O[cs(u + v) — 1]

4 (y(B —10y%) + (2 + 10y%)/]1 — y2]>2 O[1 — cs(u+ v)]} . (10.8)

10.1.4 Pressure-less fluid domination 4

We turn now to the case of a pressure-less fluid with b = 1 (w = 0). Note that this is not dust in >
the sense that c¢; # 0. So that even though the fluid has no pressure, perturbations still propagate
at a finite speed. This is the case of a scalar field rolling down an exponential potential and might
also be close to the coherent oscillations of a scalar field around the bottom of the potential [ ].
The kernel for b = 1 is given by

T (u,v,cs,w =0) —33 5 <

T old A
2%%c;

4v? — (1 — u? + v?)? ? 6
4u2v?

X {7r2(1 —y?)%(1 + 3y%)?Olcs (u + v) — 1]

4
T_“ZDZ} (10.9)

The last case we are interested in is a negative EoS parameter. When —1/3 < w < 0 the universe is 8

1
+ <y(1 —3y%) — 5(1 + 2% — 3yH) In

10.1.5 Negative EoS fluid domination 7

decelerating very slowly which yields to interesting slopes in the IR tail. For convenience we present
the kernel for the case b =2 (w = —1/9), which reads
5ENE

T (u,v,c5,w = —1/9) :28 39,4 <
s

402 — (1 — u? +v?)? 2 9
4202

x { QQTQ (1 =y*)*(1 +y* - 24")?Oes(u + v) — 1]

15 L1+
+ <y(9 + 35y — 30y%) + 5(1 — 3yt + 2% In : _z

)2 } (10.10)

10.2 Dust domination 10

Here we provide a useful order of magnitude estimate for the following situation: (i) the universe 11
is dominated by dust w = ¢ = 0 when induced GWs are generated, (ii) the transition to radiation

domination is instantaneous and (7i7) the spectrum of fluctuations for the Newtonian potential ¢
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is given by 1
E\T" 2
Po = Ao (—) O(kyv — k), (10.11)
kuv
_3
o (kv " 4

Qawarn(k ~ kuy) ~ QPEak (k_h) Olkuy — k), (10.12)

where the amplitude of the peak reads 5

k T 4 " kUV ¢ 6
Qiws ~ <§> (k:rh> AL (10.13)
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=

N

1K~ 862x10°%eV~4.34cm™ ! ~1.31 x 10" Hz 7 (A1)

oo

w2 ) 7 9
p= %!}*(T)T4 with g.(T)=> gy + - > gy, (A.2)

12

13

7T 1/2 2 14
j: g———C Y A
3v10M,,” (T) (A-4)
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_1

a T, (g*s(T*)>1/3 '2 (A.5)

Ay T\ gus (T)

fox+ 2Hhy \ + EPhicy = Sica - 6 (B.1)

1 8

G(r,7) = Wihn, 72, %) (h1(T)ha(7) — ha(7)h2(T)) , (B.2)
is a solution to 9
GU (T, T) + 2HG (1, 7) + K*Giea(7,7) = 8(7 — 7). 10 (B.3)
B, (52 we ave defnd the Wronsnn s 1
W (h1, he,7) = by (F)h2(F) — h1(F)hy(F) . 12 (B.4)

[N
w

Tar = / e e o o Pl (B.5)

i

17

[ ghay=g
S=|[dx ng. (C.1)

ds? = —N2dt> + hyj (da’ + Nidt) (dz’ + N7dt) , 19 (C.2)

21

M2 ;
5= / PadtNVE =2 (RO[b] + KyKY — K2) | (C.3)
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where 1

1 /. 2
Kij = 5% <hij — D;N; — Dsz'> : (C4)

is the extrinsic curvature, K = h¥ K;j and D; is the covariant derivative of h;;. Explicit expressions 3
of the metric, its inverse and all the Christoffel symbols can be found in Appendix A of Ref. [ 17].

D Fourier conventions and polarization tensors 4

In this appendix we specify the conventions used for Fourier transforms and the polarization tensors. 5

First, we define the Fourier transform of a scalar mode as

d3k tkx 6
o(rk) = [ o (e (D.1)
and of a tensor mode as 7
A3k ikx 8
A

where \ are the polarization, e.g., + and x, and ef‘j (k) are the polarization tensors. Such expansion 9
is valid for real polarization tensors. Then, reality conditions® of h;; imply [/ eg\j(k) = ef‘j(—k)
and hl*g y» = h_x,x. We define the polarization tensors in terms of polarization vectors as follows:

V2
Then, using that e;(k)k! = &;(k)k* = 0 and e;(k)e‘(k) = &;(k)é‘(k) = 1, we arrive at the usual 11

properties of the polarization tensors, namely

et (k) = \}5 les(k)e; () — & ()e; ()], *° (D.3)
() = —= [ea(k)2 k) + & (k)e; ()] (D.4)

e (k)e+ij (k)

g 5 15
ij , ege (k) =1, efke (k) =0,

ij ij
Sijet (k) = 65X (k) = ke (k) = ke (k) = 0. (D.5)
D.1 Spherical parametrisation 13

When calculating the projection of polarization tensors with the scalar momenta we choose spherical 14
coordinates for convenience. Then, one can write in general that the wavenumber of a tensor mode
is given by

k = k(sin 6y cos ¢y, sin Oy, sin @y, cos b ) , 15 (D.6)

where 0, and ¢} respectively are the polar and azimuthal angles. With this choice, a pair of 16

orthonormal polarization vectors are

e(k) = (cos 0, cos @y, cos O sin g, —sin f) , 17 (D.7)
e(k) = (—sin g, cos ¢, 0) . (D.8)

23In case of doubt about conventions and normalisation conditions, it is advisable to treat h;; as a field operator
and express the Fourier expansion in the Fock representation. If the polarization tensors are complex, such as in
circular polarization, the general normalization conditions are e?j (k) (e”j (k))* = (V’)‘l, where an asterisk refers to
complex conjugate. We thank M. Sasaki for explaining this point.
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We parametrize two scalar momenta q and 1 as 1
q = ¢(sin @, cos @g, sin O, sin @4, cos O) , 2 (D.9)
and 3
1 = [(sin 0; cos @, sin 6 sin ¢y, cos 6;) . 4 (D.10)

In the calculations of the tensor spectrum of Sec. 3.1 we considered general local primordial 5
non-gaussianity. In this case, due to the symmetry between 1 and q, we find most convenient to

choose k in the z-axis, namely we set

0 =0 , ¢, =0.6 (D.11)
Then one has that 7
k —q|? = k* + ¢* — 2kqcos by, , 8 (D.12)
|k — 1> = k2 + 12 — 2kl cos 4, (D.13)
la — 112 = ¢* + 12 — 2lq (cos O, cos ) + cos(p, — 1) sin b, sin ;) . (D.14)

Note that the azimuthal dependence is only in |q—1|. The projections of q and 1 with the polarization9

tensors then read

5 1 . 4 4 1 . . 10
ej} (k)q'¢’ = EQQ sin? 0y, cos(2¢,) e;j(k)g'q = ﬁ(ﬁ sin? 0, sin(2¢,) (D.15)
. 1 - 1
e (KU = —12sin? 0, cos(2¢;), , (k) = ——=I?sin®0;sin(2y;) . D.16
1]( ) \& l ( Sol) z]( ) \/i l ( (pl) ( )
Lastly, what we need to derive the induced GW spectrum are the following results: 11
+ i 5> X i \2_ 4" 4 12
(F0aa?) + (ex0a'a’) = L sin 0, (D.17)
and 13
" i . « D . q2l2.2 . 9 14
e (k)" del;(K)I'Y + efs(k)g'de;; (k)" = 5 sin O, sin” 0; cos(2(vq — ¢1)) - (D.18)

E Formulas in a general gauge 1°

In this appendix we present the explicit expressions for Einstein equations in a perturbed flat FLRW 16
universe filled with a perfect fluid. We present the results in a general gauge. The convention for

the perturbed metric is given in Eq. (7.1) and the energy momentum tensor in Eq. (3.11).

E.1 Background 17

At zeroth order in perturbation theory, we have the two Friedmann equations and energy conser- 18

vation equations. These are respectively given by
3M§1H2 =a?p,19 (E.1)
M2 (H? +2H') = —a®P, (E.2)
and 20

P +3H(p+P)=0.21 (E.3)
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E.2 First order !
At first order we find that the Hamiltonian and momentum constraints yield [11/] 2
6H (¢ — Ha) + 2A(¢p+ Ho) = Mglazdp, 3 (E.4)
2¢' — 2Hao = M7a*(p+ P)(v + B) . (E.5)
The remaining Binstein cquations aze 4
2¢" + 4H¢' — 2Ho — (4H' + 2H?)a = —M}a?5P | ° (E.6)
o' +2Ho+d+a=0. (E.7)
‘We assumed that there is no anisotropic stress for matter, and we defined 6
c=B—-FE7 (E.8)

. ——ab
(D7 = A)hij =TT Sap t (E.9)

1

Ty = (5~ 0:000a™) (o) - 9,0987) - 5 (3 — iy a") (5 — 0P a~) ™ (m.10)
Sap = 40,88,® + 202 (p + p) BV Y — (Dy — A) [aaaa,,a + aaakEakabE] 15 (B

where we defined for convenience 16

1
(I)E¢—§AE+O' , VEU—I—E'.17 (E.12)

14

18
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T (@< l)~ wl_‘[f;_:y] +0E@ ) L Yie<l)~ —27T—VI‘[1/]:17_” o). (w1
For large arguments we have that the Bessel functions oscillate periodically as 4
2 1 Z S
Jy(z>1)~ \/;cos (m s Z) +0(z71), (F.2)
‘and 6
2 T 7
Yo (z> 1) ~ \/;sin (=~ - Z) L0, (F.3)

Oy () = Jy—1 (x) — (v/2)J, (x) ,9 (F.4)

10

Jy—1(x) + Jpy1 (x) = 2v/z)J, (z) . 11 (F.5)

[N
N

/d:v:vJﬁ (az) = 227 (Jﬁ (ax) — Ju—1 (az) Jyy1(az)) ,16 (G.1)
2042 18
/d;v:v_z”HJﬁ (az) = 50 =21) (Ji (az) + Jﬁ_l (az)) . (G.2)

3+2p 27012 4 20
1+0b T[b+3/2] mv
2b + 3 b—1/2 .'1:_2b —b—3/2 Cgb 1 + b + b2
T2 (b l2pp /912 2 . G.4
AT < b+1/2=2 Th+3/2] 110 (G-4)

19
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G.2 Subhorizon approximation 1

Iy = / gz ] (<) J,(ai)J, (bF) ’
A ACH) R
T
-1 Zporhl/2 cos
wyar e _Q,,f1/2 (COS 90)
where 4
16A% = (2 — (a—b)?) ((a+b)* — %) ,5 (G.6)
and 6
S oA 7
coscpza—;Tc , singozE. (G.7)
On the other hand, if ¢ > a + b the integrals are instead given by 8
o0 Jp(c) 9
Lyy = dzzt=r{ "’ Jy(az)J, (bx
= | dis {Y,, (cj)} (02)7,(03)
— l\/g(ab)p_l (sinh ¢)p_1/2 Tlv—p+1] _p+1/2(cosh ®) —sin|(v = p)r] (G.8)
TV mw P v=1/2 cos[(v—p)r])
‘where 10
16A? = (¢ — (a - b)?) (¢ — (a+b)?) ,11 (G.9)
and 12
A= (a®*+b?) . _2A 13
COSh¢ = T 9 Sll’lh(f) = E . (GlO)

c=1 , a=cw , b=cu.15 (G.11)
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H Associated Legendre functions?!

In this appendix, we present useful formulae for the associated Legendre functions that can be found 2
in Ref. [110]. We begin with the definitions of the associated Legendre functions of the first and

second kind in terms of hypergeometric functions which read

P (z) = <1i_i>u/2F(V—i—1,—V;l—u;%—%CL‘) ,3 (H.1)
Q) (z) =2S1I:TW<COS(M) (1+i>“/2F(V+1,—V;1—,u;5— 1z) ‘
_£EZ+Z13(11i>u/2F(V+17_V;1+N;%_éx)>7 (H.2)
and 5
2ol :2sin(u7r)F7T(v+u+1)<(ii)y/QF(Vﬂ,—v;l—u;;—;m) °
‘?Eﬁﬁﬂ? (iﬁ)mF(V“»—wHMé—5@"))- (H.3)

Note that P} (z) and Q}(x) are also called the Ferrer’s functions and are valid for |z| < 1. Then, 7
Ql(x) is also known as Olver’s function which is real for |x| > 1. In the above definitions we have
used the compact notation

1

) )
F[C]F(a,b7 ) (H.4)

F(a,b;c;2) =
with F'(a,b; c;x) being the Gauss’s Hypergeometric function. 9

H.1 Asymptotic limits 10

We write down the asymptotic behaviour of the Associated Legendre functions near the singular 11
points  ~ 1 and x — oo. It should be noted that the formulas below are valid for © ¢ Z. Relevant
cases with p ¢ 7Z are given in Sec. 10.

The limit x — 17 : First, the Ferrer’s function of the first kind asymptotically goes as 12

" 1 2 w/2 13
P ~ . H.
4@~ e () (1.5)
Second, the Ferrer’s function of the second kind goes for p > 0 as 14
~ T(WT(w—p+1) [ 2 V15
QF () ~ (W (v—p+1) , (H.6)
2 (v+p+1) l1—x
while for p < 0 behaves as 16
1 2 B/2 17
Q@) ~ 5o T () (125 ) w2, (1.7)
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T () 2 \* 2
Qﬁ@>”2r@+u+4)<x—1> ‘ (H.8)

172 4
L (v+3) 2zt

Qy () ~ (H.9)

H.1.1 Useful relations 5

Pib(—z) =P;%z) , Pily(~z)=Pyly(2),” (H.10)
Ql(—2) =-Q x) . Qlu(-z)=-Qly(x),8 (H.11)

and 9
Q. %(x) = Qha) , Qply(z) = Qfyo(x). 10 (H.12)

H.1.2 The resonance limit 11

b+2, 342 1 2 \ %2 13
—b
land 14
T[b] ( 9 >b/2 15
1+b+ b2 b>0
Q) + b+2Q () ~ _3+2b ( )th+m 1+y (H.14)
b b+1 b+2\Y 1+b 1 9 —b/2 ’ '
5 COS(b?T)F[—b] (m) b < O
On the other hand, for  — 1+ we find 16
I[b] 2 b/2 17
(1+b+0%) b>0
0 (w) +22 20t () ~ 2E2 H2o+ 3 (H.15)
b+1 + 1+5b
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